CROSS (-INTERSECTING INTEGER SEQUENCES FROM
WEIGHTED ERDOS-KO-RADO

NORIHIDE TOKUSHIGE

ABSTRACT. Let m,n and ¢ be positive integers. Consider [m]™ as the set of se-
quences of length n on an m-letter alphabet. We say that two subsets A C [m]™ and
B C [m]™ cross t-intersect if any two sequences a € A and b € B match in at least
t positions. In this case it is shown that if m > (1— %ﬂ)_l then |A||B|] < (m™%)2.
We derive this result from a weighted version of the Erdés—Ko—Rado theorem
concerning cross t-intersecting families of subsets, and we also include the corre-
sponding stability statement. One of our main tools is the eigenvalue method for
intersection matrices due to Friedgut [ID].
(2010 AMS subject classification codes 05D05, 05C50.)

1. INTRODUCTION

Hoffman observed that one can get an upper bound of the independence number
of a given regular graph by using the eigenvalues of the adjacency matrix. This
eigenvalue method has been extended in various ways with many applications. For
example, this approach gave the exact bound for parameters in the Erdés—Ko-Rado
theorem [H]. Namely, Wilson [[d] obtained the maximum size of n-vertex k-uniform
t-intersecting families, which is (77;) if n > (¢ + 1)(k — t + 1), and Frankl and Wil-
son [M] obtained the corresponding vector space analogue. Recently, Ellis, Friedgut
and Pilpel [@] succeeded to determine the maximum size of n-letter t-intersecting
permutations, which is (n — ¢)! if n > t. As is pointed out in [@], it is one of the
merits of the eigenvalue method that one can modify a proof for ¢-intersecting result
only slightly to get the corresponding stronger “cross t-intersecting” result. In fact,
Ellis, Friedgut and Pilpel obtained ((n — ¢)!)? bound for the product of the sizes
of two families of cross t-intersecting permutations. The same method can apply
to get (Z:E)z bound for n-vertex k-uniform cross t-intersecting families, and its vec-
tor space analogue, see [[@]. Along this line, in this article, we will determine the
maximum product of the sizes of two cross t-intersecting sets of integer sequences.
Gromov [ claims that such inequalities can be equivalently reformulated in terms
of monomial subsets in the N-torus, and for example he obtained a homological sep-
aration inequality for pairs of disjoint subsets in N-torus from a cross intersecting
Erdés-Ko-Rado inequality obtained in [I3].
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2 N. TOKUSHIGE

Let n,t be positive integers with n > ¢, and let p,q € (0,1) be reals satisfying
p+q=1. Let [n] :={1,2,...,n} and let g, : 2"/ — [0,1] be the product measure
defined by

|| jn—|x|

pp() = p*lg
for a subset 2 C [n]. For a family of subsets F C 2" define the measure of F by

pp(F) = Z,up(x)-

zeF

We say that F C 2" is t-intersecting if |z N 2’| > ¢ holds for all 2,2’ € F. What
is the maximum measure for ¢t-intersecting families? To answer this question, let us
define a t-intersecting family A,(n,t) C 2" by

A.(n,t):={AC[n]:|[AN[t+2r]| >t+r}.

The following result was first proved by Ahlswede and Khachatrian [0], see also Bey
and Engel [B], Dinur and Safra [B], and Tokushige [[3].

Theorem 1 ([, B, B, [3]). Let n >t > 1 be integers and let p € (0,1). If F C
2l s t-intersecting, then p,(F) < max, u,(A,(n,t)). If equality holds then F is
isomorphic to one of A, (n,t)’s.

Consider the case p € (O,Hil). Then max, p,(A.(n,t)) = p,(Ao(n,t)) = p.
Friedgut [MM] gave a proof of this case of Theorem M using the eigenvalue method.
Furthermore he also showed the stability of the extremal structure described as
follows.

Theorem 2 ([[]). Let n >t > 1 be integers and let p € (O,t%l). Suppose that
F C 2" s t-intersecting. Then the following holds.
(i) We have p,(F) < p' with equality holding iff F is isomorphic to Ay(n,t).
(i) There is a constant ¢ = c(t,p) such that if p,(F) > (1—€)p" then p,(FAG) <
ce for some G = Ag(n,t).

We first extend (i) of the above result to cross t-intersecting families. We say that
two families of subsets Fy, Fo C 2" are cross t-intersecting if |#Ny| > ¢ holds for all
x € Fi,y € Fy. Let ([Z]) denote the set of all k-subsets of [n].

Theorem 3. Let n >t > 1 be integers, let p € (0,1 — \%), and let Fy, Fo C 27 If

F1 and Fy are cross t-intersecting, then p,(Fi)u,(Fa) < p** with equality holding iff
Fi=F = Ag(n,t), that is, Fy = Fo ={F C [n]: T C F} for someT € (["]).

t

For comparison we mention the corresponding k-uniform version from [IG].

Theorem 4 ([[H)). Let n >k >t > 1 be integers, let £ <1 — %, and let Fy, Fy C
([Z]). If Fi and F are cross t-intersecting, then |Fi||Fa| < (Z:z)Z with equality

holding iff F1 = Fa = Ap(n,t) N ([Z]), that is, Fy = Fo = {F € ([Z]) :T C F} for
some T € ([’Z]).

Next we extend (ii) of Theorem B to cross t-intersecting families.
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Theorem 5. Lett > 1 be an integer and let p € (0,1— \%) Then there is a constant
c = c(t, p) which satisfies the following. Let n >t be an integer and let Fy, Fo C 27,
If Fi and Fy are cross t-intersecting families with «/p,(F1)p,(Fao) > (1 — €)p?, then
there is a family G = Ag(n,t) such that py,(F1 A G) < ey/e and p,(Fo A G) < cy/e.
Finally we consider a t-intersecting set of integer sequences. Let n,m,t be posi-
tive integers with m > 2 and n > ¢t. Then H C [m]™ is a set of integer sequences

(a1,...,a,), 1 < a; < m. We say that H is t-intersecting if any two sequences
intersect in at least ¢ positions, more precisely, #{i : a; = b;} > t holds for all
(a1,...,an), (b1,...,b,) € H. Let fi(n,m,t) be the maximum size of H C [m]"

which is ¢-intersecting. The following result was proved by Alhswede and Khacha-
trian [0 and Frankl and Tokushige [B] independently, see also Bey and Engel [B].

Theorem 6 ([, B, B)). Letr = | L= |. Ifn > t+2r then fi(n,m,t) = m"pa (A.(n,t)).
We notice that

n—t

—t

m"ps (Ap(n,t) = > (m—1)l =" (” L )1k(m — 1)t =t
x€Ao k=0

Frankl and Fiiredi [@ had settled the following case, which was a starting point of

the research resulting Theorem B.

Corollary 1 ([@). If n >t >1 and m >t + 1, then fi(n,m,t) = m" "

We extend this result to cross t-intersecting sets of integer sequences. For Hy, Hy C
[m]™ we say that they are cross t-intersecting if #{i : a; = b;} > t holds for all
(a1,...,a,) € Hy and (by,...,b,) € Hy. Let fo(n,m,t) be the maximum of |H;||Hs|,
where Hy, Hy C [m]™ run over all cross t-intersecting sets of integer sequences. The

next result shows that this function f; is closely related to the measure i, (p = 1/m)
as was the case with f.

Theorem 7. We have fy(n,m,t) = max{m* u1 (F))p1 (F2)}, where Fi, Fo C 2"
run over all cross t-intersecting families.

Consequently we obtain the following result from Theorem 3.
Theorem 8. Ifn>t>1 andm > (1 — \%)_1, then fo(n,m,t) = (m" )2

It seems very likely that the best possible upper bound for p in Theorems B and B

is - instead of 1 — \% More precisely, we conjecture the following.

1

Conjecture 1. Let n >t > 1 be integers, let py,ps € (0, t%l), and let Fy, Fo C 21,
If Fi and Fy are cross t-intersecting, then iy, (F1)pp, (Fo) < (p1p2)t with equality
holding iff F1 = Fo = Ao(n,t), that is, F1 = Fo = {F C [n] : T C F} for some
re ().

Conjecture 2. Let t > 1 be an integer and let py,ps € (O,t%). Then there is a
constant ¢ = c(t, p1, p2) which satisfies the following. Let n >t be an integer and let
Fi, Fo C 2L If Fi and Fy are cross t-intersecting families with p, (F1) iy, (Fao) >
(1 —€)%(pip2)*, then there is a family G = Ag(n,t) such that p, (Fi1 AG) < cy/€ and
:U'pz("TQ A g) < C\/E'
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Conjecture 3. If n >t >1 and m >t + 1, then fo(n,m,t) = (m" )%

Very recently, Frankl, Lee, Siggers, and Tokushige [B] proved Conjectures I and
B for the case when p; = p, and ¢ > 14. Their approach is completely different
from ours. See also [[@] for some related problems concerning “k-uniform” cross
t-intersecting families.

2. INEQUALITY AND UNIQUENESS: PROOF OF THEOREM

We follow the proof in [[] and [@]. In fact, the key observation, Lemma [, is
essentially due to Friedgut [[], and we include a (slightly more direct) proof for
convenience.

Let G = (V,E) be a graph with V = 20 and E = {{z,y} € (}) : [z Ny| < t}.
Recall that p, is the product measure on V. In this graph, we have 7, F, C V
and there are no edges between them, namely, {{z,y} : v € F1,y € Fo} N E = (),
because F; and JF, are cross t-intersecting. For ¢ = 1,2, let f; be the characteristic
function of F;, that is, f;(x) =1 if x € F; and fi(z) =0if x € V' \ F;. Let

;= py(F) = Z ()
zeF;

be the measure of F;. We shall show that oy < p*.
We will define a pseudo adjacency matrix of the graph G. First let

AW _ l+c—cX —c+cX
N 1-X X ’

where ¢ := —p/q. Both rows and columns of A are indexed by subsets of [1],
namely, () and {1} itself. The eigenvalues of AY) are 1 and c(1 — %X ), and the
corresponding eigenvectors are (1,1)7 and (v/—c, —y/—1/c)T, respectively. Next let

A — A0 g .. o AD

be a 2" x 2" matrix obtained by taking n-fold tensor of A over the ring R[X]/(X?).
Then A™ = (agzy) is a pseudo adjacency matrix of G, that is, a,, = 0 whenever
{z,y} € E. (One can verify this by induction on n, see [I] for details.) Then the
set of eigenvalues {\, }.er of the matrix A™ is given by

t—1
Ao =1 — g X = dl Yy Amx, @
m=0

where A" = (lﬁ)(—%)m. (We define (3) = 0if a < b, so AU = 0if |2| < m. Thus

the sum in the RHS of (W) is actually taken over m = 0,1,..., min{|x|,t — 1}.) For
1 < i < n define the function xy; : V' — R by

| Ve ifidua
Xy (@) = —J/—1Jc ifieua

Then the eigenvector x, corresponding to A, is given by x, := [[,c, X{i}- For 2 =0
we let xp := 1y (all one vector of length 2™).



CROSS t-INTERSECTING INTEGER SEQUENCES FROM WEIGHTED ERDOS-KO-RADO 5

We introduce an inner product on H, := {f : V — R}, the set of real-valued

functions on V', by
= f(@)g(@)p(x)

zeV

Then the set of eigenvectors {x,}scy of A™ forms an orthonormal system of the
inner product space H,,. Thus we can expand the characteristic function f; as f; =

erv ﬁ(x)le where fz(x) = <fz7 Xx)p‘
Claim 1. The Fourier coefficients ﬁ(a:) s satisfy the following properties.

(C1) a; = fi(D).
(C2) s = 3yey fil2)®.

)

(03) A(n)fi - erv fz( )/\sz
)
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Proof. We write ( f, g) and g instead of (f,g), and p, for simplicity. Recall that
X0 = 1y. By computing | f;|; and |f;|3 we have (C1) and (C2), respectively:

0 =3 pla) = 3 fl@)vo@nl) = (i xa) = £0),

zeF; eV
ai =Y pla) =Y fi@)?ul@) = (fi i) = O fil@)xe, Y fil@)xa) = D fil)?
zEF; eV eV zeV eV

(C3) follows from A™y, = A\, x, and f; = Y owev fz(m)xx
To show (C4) we compute (f;, A™ f,) in two ways. On one hand, it follows from
(C3) that

(1, A fo) = (3 fi@)xas Y (@) daxa) = Y fil@) fo(a)A

zeV zeV zeV

which is the LHS of (C4). On the other hand, we have
(f1, A f) = Zfl A(n f2)(x Zfl Z%,ny(y))M(ﬁﬁ)

eV eV yev
=3 auyfi(@) foly)u(z) = 0.
eV yeV

This is because if {z,y} € E then a,, = 0 by the fact that A™ is a pseudo adjacency
matrix, and if {x,y} € E then fi(x)f2(y) = 0 by the cross t-intersecting property of
]:1 and ]:2.

By (O) and (C4) we have

0= Y fiaisore A = 3 (= e S (M) i .

zeV m=0 m=0 p zeV
So, for each m, the coefficient of X™ in the RHS vanishes and (C5) follows. 0
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For any Q(Y) € R[Y]/(Y") we can write Q(Y) = an 10 Bm( ) for some fy, ..., Bi—1 €
R. Then, from (C5), we have

O—Zﬁm D) A = Q) fi(2) fal). (2)

zeV zeV
For 0 <1 <mn, let
97; = ClQ(Z),
which will play the role of an “eigenvalue.” By (B) with (C1) we have
oy = =Y 0 fi(x) o). (3)
T#£D

Now let Q(Y) € R[Y] / (Y") be the unique polynomial of degree ¢ — 1 such that
Q(i) = —cfori=1,...,t, that is,

O =0y = =0, =—1. (4)

Lemma 1. The polynomial Q(Y) satisfies the following properties about 0; = ¢'Q(1).

(Ql) 60 = p_t —1.
(Q2) If g7t < 2, then =1 < 0; <1 for all1 <i<n.

Proof. By the extrapolation form, we have

Z H - (5)

i=1 je t]\{z}
Let d = —1/c = q/p > 1. For (Q1), by setting Y = 0 in (B), we have

t

S (—1)%¢! i B g
tp = c'Q(0) = —; (i — D)I(=1)i(t — z‘)!(—i)C B Z <Z>d

=1
_Z()dq“ l=d+1)\f—-1=p"—1.

Next we show (Q2). We have §; = —1 for 1 <i <t by (B). Now we will show that

1> 01| > [Brsa] > - > [6]- (6)
For Y >t + 1 it follows from (B) that
o YDy =t R (YD (Y )
QW) =2 oG = VL ey -

Claim 2. If ¢t <2, then 0 < 6,41 < 1.
Proof. By (@) we have

—Q(t+1) = (—1) <Z _t 1) d = (—1)td§ (t) # = (-1)'d((1+a) —d).

i=1

~
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Thus we get
i+1 —t " ‘ 1\* 1
i1 =TQE+1) =d ' ((d+ 1) —d') = 1+ _125_1_ (8)
Using0<q_t<2we have 0 < 0,41 < 1. O

Claim 3. Let p < t+1 Then |0y | > |0y 41| forY =t+1,...,n— 1.

Proof. By (@) we have |Q(Y)| = 3_i_, (Y, 1), where
Y
0= G = g >
We prove |0y | > |0y 1], or equivalently, |¢¥ Q(Y)| > |Y T1Q(Y + 1)|, by showing
[ o (Y,)l/I (Y + 1,0)| = do(Y.) /o(Y +1,4) > 1
for all 1 < ¢ < ¢. In fact we have

do(Y,i) (Y -OV+1-i)  (V-t)(Y+1-1) Y-tg

S(Y +1,4) Y(Y — i) =T Y[y -1 Y —1p

If ¢t =1 then the RHS is ¢/p > 1. If ¢ > 2 then it follows from Y > ¢ + 1 that
Y—tg> t+)—tq ¢

Y—1p~ (t+1)—1p_tp‘
Then > > 1 is equivalent to our assumption p < t-|—1 ]

The above two claims show (B). Then (@) and (B) give (Q2), and this completes
the proof of Lemma, 0. O

For those who might wonder how Lemma 0O relates to the Hoffman’s ratio bound,
we give a short remark here. In our case 6;’s play the role of “eigenvalues.” Then the
the largest one is 6y = p~* — 1 and the least one is §; = —1. (This is true for p < -~ t+1
We needed ¢* < 2 only to guarantee that #;,; < 1.) Thus the corresponding ratio

bound is foz 91 = pt, as expected.
It follows from (B) with Lemma 0 that
a1l = Z 9\m|f1 < Z |f1 (9)
z#0 x#0D

Applying the Cauchy—Schwarz inequality, and then by (C1) and (C2), we have

Z‘fl(x)ﬁ(xﬂ SH(Zfz( H\/Oéz— ;= VaraaVl —aV1 — as.

#) =1 x#£0
(10)

w\»—t

Claim 4. If aj,as € [0,1] then V1 —anv/1 —ay <1 — Jajas.
Proof. We apply the inequality of arithmetic and geometric means twice:

11— 1-
\/1—041\/1—062§( Oél)‘é’( 042):1_011;'0(2§1_Va1a2.
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By (@), () and Claim @ we have
(1104200 < Z’fl )| < \/0[10[2\/1—041\/1—042 < \/061042(1—\/0[1062). (1].)

z#£0

Using 0y = p~! — 1 and rearranging we get oy < p?t.
_In the case of equality, we have equality in Claim A. This gives a; = ap, that is,
f1(0) = fo(0) by (C1). We also have equality in (), which gives

fi@)] = | fa()] (12)
for all = # (). Moreover by the equality in (E) we have
ol = Z 9|a:|f1 Z ’f1
z#0 £
This means that if r # ), then we have (i) fi(z) = fo(z) =0, or (11) 0jz) = —1 and

fi@) fo(z) = |filz) fola)]. If (ii) happens, then it follows fi(x) = fo(z) from (D).
Consequently we have fl( ) = fg( ) for all x € V. Thus fi = fo, that is, F; = Fo.
In this case, J; is t-intersecting itself and pu,(Fy) = p'. Then F; = Ay(n,t) follows
from Theorem B. This completes the proof of Theorem B.

3. STABILITY: PROOF OF THEOREM H

Let ¢ > 0 be a small absolute constant (independent from ¢ and p) which is
chosen so that ¢, satisfies several inequalities appeared in this section. (One can
easily verify that these inequalities hold by choosing ¢, sufficiently small.) By taking
c large enough so that cy/¢p > 1, the theorem clearly holds for all € > €. Thus it
suffices to show that the theorem holds for all 0 < € < ¢.

We say that a family of subsets F C 2" is an upset if G O F € F implies G € F.
Without loss of generality we may assume that both F; and F, are upsets. To see
this, suppose that the theorem is true for cross t-intersecting upsets. If F; and F»
are not necessarily upsets, but they are cross t-intersecting families with

fp(F1) p(F2) > (1= €)*p™,
then we can find upsets .7:"1 D JFi and fg D F5. By the assumption we have
11p(Fi A G) < &v/e

for some G = Ay(n,t) and i = 1,2. Let u,(F; \ F) = ¢ and suppose that €, > €.
We claim that €; < /€, which will give

Hp(}—iAg)§€i+ﬂp<~7}iﬁf)<(1+é)\/g-

Namely, by setting ¢ = 1 + ¢, the theorem is true for F; and F; as well. To this end
we use Theorem B to get

P* > pp(F) pp(Fa) = (up(F1) + €1) (1p(F2) + €2)

> (pp(F1) + 61)#;:(]62) > (pp(F1) + 61)( -
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This gives ) ,
1—(1—¢ 2¢ — ¢

(1 _ 6)2 Mp(fl) < (1 —_ 6)2'
The RHS is less than /e for € < 0.15, as needed. (Thus we need to choose €y < 0.15
and this is one of the constraints for ¢y.) Therefore we may assume that F; and F3
are upsets from the beginning.

Before starting the actual proof we briefly explain our plan. We use notation in
the proof of Theorem B. We fix ¢ and p, and treat them as constants. Define the

norm of f € H, by
| flz2 =[S, [y

Let B, := {f : 2" — {0,1}} C H, be the set of characteristic functions. Let
Fi,F» C 2" and suppose that they are cross t-intersecting upsets. For ¢ = 1,2, let
fi € B,, be the characteristic function of F;. Then we can write

a; = pp(F) = | fil3,
and it follows from Theorem B that |fi|3|f2]3 < p**. By symmetry we may assume
that | f2|3 < |f1|3. Then we have

€ <

fal5 < "
On the other hand, using our assumption

Vaias = | fila]fol2 > (1 — €)pt; (13)
S hale)? = 0(Ve),

|| >t
namely, the LHS is less than C4/e for some constant C' and all 0 < € < €. Then
we can apply the following result due to Friedgut [[]. (Lemma 2.8 in [I0] is stated
slightly differently, but what is actually proved there is exactly as follows.)

Theorem 9 ([[M]). Lett > 1 be an integer and let 0 < p < 1/2. Let f € B,, be a char-
acteristic function of some (not necessarily t-intersecting) upset. If Z\x|>t f(x)2 <€
and |f|3 < pt, then either |f|3 = O(€), or there is a t-intersecting family G = Ay(n, t)
with the characteristic function g € B, such that |f — g|3 = O(é).

we will show that

Theorem A will imply that there is a family G = Ay(n,t) with the characteristic
function ¢ such that

[f2 = gl5 = pp(Fo A G) = O(Ve).
Next we will show that |f; — f2|3 = O(\/€), which will imply
pp(FLAG) = fi—gls=|(fi = fo) + (f2= 93 < (Ifi = fal2 + [fo — gl2)* = O(Ve).

This is the plan of our proof.
Now we get into details. By (#) and (8) we find a “spectral gap”

0= 0| = |0rsa] =1— (¢ = 1) =2—¢" > 0.
Notice § is a constants depending only on ¢ and p. We recall from (B) and (B) that
01 = =10/ =1>1—0=|0p11] > -+ > |0n]. (14)
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Fori=1,2,let B; := X, fi(z)? = oy — a2 € (0,1). We define 7; € [0,1] to divide
B; into two parts as follows:

Z filz)* = 78, Z fiz)* = (1—7)B:
|z|>t 1<z <t

We will show that both 71 and 75 are small. First we check that the product 1
is small.

Claim 5. /775 = O(e).
Proof. By (8) and (@) we get
aasty < (1=0) Y [h@) @)+ D 1fi@)fol@)]:
|z|>t 1<]z|<t

Applying the Cauchy—Schwarz inequality, we have

aranty < (1 — 5)\/7'151\/7'252 + \/(1 - 7'1)51\/(1 —72) 5
= /b1 ((1 - 5)\/ﬁ+ \/(1 - 7'1)(1 - 72) ) (15)

Using Claim @ we have

VG162 = VaraaV1 — a1 — as < ajas(l — Jajas)

and
VI=rVT=n < 1- im;
Thus we get
aronfy < Varax(l — vorar) (1= 6)vnm + (1 - vnn) ),
that is,
Varaz by < (1 —y/aaz)(1 = 6y/nim).
This gives

1—90/T172
\/ < .
N2 =110, — 6y/mn

Since /ajag > (1 — €)p' the above inequality implies

€ €

AL T s vy Sl (G

= 0(e), (16)

as desired. O

To show that 7 and 7, are close to each other we need a stronger version of Claim €
as follows.

Claim 6. Let ay,aq,7vy € [0,1]. If a1 > ay + 8y then
V1—aV1—ay <1—\/ajay — 272.
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Proof. We start with noting that
T—ay>/1—ai+87>VI—a +27. (17)
In fact the second inequality follows from
L—ar+8y > (1—a) +497° +49/1—ay,

or equivalently, 2 > v + /1 — ay, which clearly holds.
For bl, b2,£ e Rif b2 — b1 Z 25 then

b} + b3 (by —D1)* _ (28)°
— bi1by = > = 2¢2
2 e 2 = 2 &
that is, biby < b1+b2 — 2€2. To apply this inequality, let b; :== /1 — a; and & = 7.
Then we have b2 — by > 27 from (@), and thus

(1—&1)—|-(1—CL2)
V1—av1—ay < 5

al—i—aQ

— 292 =1-

— 2 2 <1—Jajas — 27
U]

Claim 7. max{7, o} = O(\/e).

Proof. Suppose that 71 > 75. (The opposite case can be proved in the same way.)
First we show that
1 — Ty <8"}/, (18)

2(1-(1=€)p")"

Claim B we have
Vi-n/l-n<1-ynn -
Using this with ([3) we get

04104200 S B152<(1 — 6)\/7’17’2 + (1 — \/T1T2 — 2’}/2))
< Varap(l —y/arag)(1 = 29° = dy/mim),

where v = Suppose, to the contrary, that 7 — 7, > 8y. Then by

and so - )
1 — 2~ — 1-2
Varag < D IR ISP oy,
Op+1—2v2—0Tim2 G+ 1—272
which contradicts (I3). This proves (IJ).
It follows from 75 < 7 and (I@) that
€
TQS T1To < 5(1 pt)
This and (I3) give
€ 32¢
< 8y < =0 .
T1 T2 + &Y (5(1—pt)+ 1—pt (\/E)

OJ

Without loss of generality we may assume that |fo|3 < |f1|3. Since | f1|3] /2|3 < p*
we have |f»]2 < pt. In other words, we have a; > ag, ap < p'. Recall from (I3) that
arag > (1 —e)pt.
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Claim 8. a; — ay < 41/2¢.

Proof. Suppose, to the contrary, that oy — ag > 8y where v = /¢/2. Then by
Claim B we have

V91—Vl —ay<1— /ajas — 272.
Thus by () we get

araay < VaraaVT — a1 — ap < Varas(1 — Vagog — 29°),
or /ajas < p'(1 —29%) = (1 — €)p*, which is a contradiction. O
Claim 9. ay > (1 — €)p! — 41/2¢.
Proof. Using Claim B we have
(1= ep")* < s < (a3 +4V26)ay < (ay + 4v/2€)%,
and (1 — €)p' < ay + 4v/2¢. O
We are going to apply Theorem B to f;. By Claim @ we have

Z fz(x)Q =Tl < T = O(\/E)

|| >t

Recall that ay = |fo]3 < p’. On the other hand, if | f2|3 = O(y/€), then this contra-
dicts Claim B. Thus | f2|3 = O(y/€) is not the case, and then Theorem B gives

1p(Fo A G) = |f2 = gl3 = O(Ve) (19)
for some family G = Ay(n,t) with the characteristic function g € B,,.
Now we will show that |f; — f2|3 = O(y/€) to prove u,(F1 A G) = O(Ve).

Claim 10. oy + as < 2p' + 4v/2¢.
Proof. This follows from Claim B and ay < p'. 0
Claim 11. 3 F1(2) fo(z) = aranby + O(e).
Proof. Claim B gives
Y h@fa(x) <Y 1@ fa(@)] < Vrbiv/Tb < im = 0(e).  (20)
|| >t |z] >t

By (8) and (#) we have

Y @) falx) = arasby + 7, (21)
1<[z|<t
where v =" ., (9|w‘f1(:c)f2(x). By (@) and (20) we have
W < (1=6) Y file) folw)| = OCe). (22)
|| >t
Then the the desired result follows from (20), (1) and (E2). O]
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Proof. We have
|fr = fols = (fr = fos fr = fo) = (fus fa) + (o, o) — 2(f1, fo)
=Y @)+ f@) =2 file) falz) + (1+1-2)

x#0 x#0D x#0
= (1 —af) + (a2 —a3) = 2) _ fi(z)falx) (by Claim @ (C1) and (C2))
x#£0
< (o + ag) — 20109 — 2 Z fl (x)fQ(x) (by AM-GM ineq.)
0

= (a1 + a2) — 2a102(1 + 65) + O(e).  (by Claim [T)

Then we use Claim [ to bound the first term, and we use (I3) and 1+ 6y = p~* for
the second term. Thus we get

[fi = fols < (20" +4V2¢) = 2((1 = )p')?p" + O(e) = O(Ve).
0J
By () and Claim [ we have

m(FrAG) = fi—gls = (fi = fo) + (fa = 93 < (|1 = fola + | f2 = gl2)* = O(Ve),
which completes the proof of Theorem B.

4. INTEGER SEQUENCES: PROOF OF THEOREM [ AND THEOREM

For H C [m]", 1 < j < n and ¢ € [m], we define a shifting operation S;.(H) =
{S;c(a) : a € H} C [m]" as follows. For a = (ay,...,a,) let Sj(ar,...,a,) =
(by,...,b,) where by = ay for ¢ € [n]\ {j} and b; = 1, and let S;.(a) = S5;(a) if
a; = c and S;(a) € H, otherwise let S;.(a) = a. Namely, by S;.(a), we replace a;
with 1 if a; = ¢, but we do this replacement only if the resulting sequence is not in
the original set H. The following observation is due to Kleitman [[].

Claim 13. Let Hy,Hy C [m]", 1 < 7 < n and ¢ € [m]. If H and Hy are cross
t-intersecting, then S;.(Hy) and S;.(Hs) are also cross t-intersecting.

Starting from cross t-intersecting sets of sequences Hy, Hy C [m]", we repeat the
shifting operations simultaneously. Then after finitely many steps we eventually get
“shifted” sets Hj and Hj, namely, S;.(H{) = Hj and S,.(H)) = H) for all j and
c. Since |H{| = |Hy| and |H)| = |Hs|, and we are interested in the maximum of
|H1||Hs|, we may assume that both H; and H, are shifted cross t-intersecting from
the beginning.

Now we reduce the problem of cross t-intersecting sets of sequences to the problem
of cross t-intersecting families of subsets with weights. For H C [m]|" and a =
(a1,...,a,) € H,let o(a) :={i:a; =1} C [n] and o(H) := {o(a) : a € H} C 2.
Frankl and Fiiredi [@] observed the following.

Claim 14. Let Hy, Hy C [m]™. If Hy and Hy are shifted cross t-intersecting sets of
sequences, then o(Hy) and o(Hz) are cross t-intersecting families of subsets.
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Proof. For o(a) € o(Hy) and o(b) € o(Hs) we need to show that |o(a) Na(b)| > t.
Let a = (a,...,a,) € Hy and b = (by,...,b,) € Ho, and let [ := {i : a; = b; # 1}.
Since H, is shifted, we have (ay,...,a;) € Hy, where a} = a; if j ¢ I, and a; = 1 if
1 € I. Then cross t-intersecting property implies that

t<#{jen:a;="0b} =#{jecn\I:d;=0b}
=#{yelnla;=b; =1} =lo(a) Na(b)].
]
Let fg(n, m,t) = max{m® u1 (F1)u1 (F2)}, where Fy, F, C 2" run over all cross
t-intersecting families.

Proof of Theorem [. If Fi, Fo C 2" are cross t-intersecting, then by letting H; :=
{a € [m]" : o(a) € F;} for i = 1,2, we have

B = (m— 1)l = 3 (1= 5" = (F),
zeF; zeF;

and H; and H, are clearly cross t-intersecting sets of integer sequences. This gives
f2(n7mvt) > f2(namat)‘

On the other hand, if Hy, Hy C [m|"™ are cross t-intersecting sets of integer se-
quences, then by letting F; := o(H;) C 2" for i = 1,2, we have

| < S (m— 1) = (F),
xeF;

and F; and F, are cross t-intersecting by Claim Id. This gives fa(n,m,t) <

fa(n,m, ). O
Proof of Theorem B. Let p :=1/m. If m > (1 — \%@)*1, or equivalently, p < 1 — \%,
then by Theorem B we have

Fa(n,m, t) = max{m® ,(Fi)uy(F2)} = m*'p? = m®(1/m)* = (m" )%,
Since fo(n,m,t) = fo(n,m,t) by Theorem @, we have fy(n,m,t) = (m"*)2. O
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