THE EIGENVALUE METHOD FOR CROSS ¢-INTERSECTING FAMILIES
NORIHIDE TOKUSHIGE

ABSTRACT. We show that the Erd6s—Ko—Rado inequality for ¢-intersecting families of
k-element subsets of an n-element set can be easily extended to an inequality for cross
t-intersecting families by using the eigenvalue method if 7 is relatively large depending on
k and ¢. The same method applies to the case of 7-intersecting families of k-dimensional
subspaces of an n-dimensional vector space over a finite field.

1. INTRODUCTION

The eigenvalue method is one of the proof techniques to get Erd6s—Ko—Rado [B] type
inequalities for 7-intersecting families. Such examples include a proof for families of k-
subsets by Wilson [[3], a proof for families of k-subspaces by Frankl and Wilson [E],
and a recent seminal proof for families of permutations by Ellis, Friedgut, and Pilpel [H].
The last one contains a stronger inequality for cross ¢-intersecting families which follows
from a variant of the Hoffman—Delsarte bound. In this note we remark that one can also
get the corresponding cross ¢-intersecting version of the first two results about k-subsets
(Theorem M) and k-subspaces (Theorem D) in the same way quite easily. These results are
new but the tools used in the proof are not new. The point of this note is to show that these
tools have a wider application than previously thought.

Let X, = {1,2,...,n} be an n-element set. Two families of k-subsets .o/, B C ()i”) are
called cross z-intersecting if [ANB| >t holds for all A € o/, B € A.

Theorem 1. Let k >t > 1 and %‘ < 1— L. Suppose that two families </ , % C (’5{”) are

7

2
n—t
o < )
||| B| < (k—t)

cross t-intersecting. Then we have

If /|5 = (1) then

o =%B={Fc (i”) :T CF}

for some T € ()i”)

110%2 <1-— % < g and so the conclusion of Theorem [ holds for n >

~ 1.44(t + 1)k. On the other hand, it is known from [[3] thatif n > (t+1)(k—z+1),

We notice that
(t+1)k
log?2
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and <7 is t-intersecting (namely, </ and 7 are cross t-intersecting), then |.«7| < (Z:;)

Moreover equality holds only if .o fixes some 7-subset, that is, & = {F € (’5{”) :T CF}
holds for some #-subset T C X,,. (In fact this result was first proved by Frankl [B] for the
case t > 15 using a combinatorial method.) If n = (# + 1)(k—t + 1), then we have another
t-intersecting family & = {A € () : |[AN [t +2]| > ¢+ 1} with || = (}~!). See also [I]
forthe casen < (t+1)(k—t+1).

Conjecture 1. Lerk >t > 1andn> (t+1)(k—t+1). Suppose that two families <f , 5 C
(i”) are cross t-intersecting. Then we have |/ || ) < (] }) g Ifn>(t+1)(k—t+1)and
| ||| = (Z:;)z, then of = B ={F € ()f{”) :T C F} forsomeT € ({”)

Vi

Let V,, be an n-dimensional vector space over the g-element field. Let [ k} denote the

set of all k-subspaces (k-dimensional subspaces) of V,,, and let [{] = #[%] =T’ (¢" " —
1)/(¢*=" — 1). Two families of k-subspaces o, % C ['] are called cross t-intersecting if
dim(ANB) >rholds forall A € &/ B € A.

Theorem 2. Let k >t > 1 and n > 2k. Suppose that two families <7 , B C [‘;f] are cross
t-intersecting. Then we have

n—1]’
o < .
< |,
Ifn>2kand ||| B| = [Z:ﬂz, then

o =B ={F € [‘I/("] :T CF}

for some T € [‘ﬂ

In particular, if n > 2k and .« C ['] itself is t-intersecting with |<7| = [{~'], then &
fixes some ¢-subspace. This result has been claimed several times, but (except the case
t = 1) it seems that the only correct proof appeared in the literature is due to Tanaka
[T4]. His proof heavily relies on the theory of association schemes, and has much wider
application. See also §5.3 of [[J] or [B] for historical details. We include an elementary
proof of this result for completeness.

If n <2k —t then [‘Z’} itself is 7-intersecting. Theorem O also tells us what happens for
2k —t < n < 2k just by taking the orthogonal complements.

Theorem 3. Let k >t > 1 and 2k —t < n < 2k. Suppose that two families </, 9B C [‘2’]
are cross t-intersecting. Then we have

2
el < |1

If2k—t <n<2kand ||| B| = [Zkk_t] 2, then of = B = [IIZ] for someY € [ZZZJ.

We can apply both Theorem @ and Theorem B to the case n = 2k, and we see that there
nft} 2 _ [Zkft] 2'

are at least two different extremal configurations satisfying |.«/||2| = [}~ f
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Tanaka [[4] proved that if &7 = % then there are no other configuration having this maxi-
mum product. We extend this result as follows.

Theorem 4. Let k >t > 1, and n = 2k. Suppose that two families </ | %8 C [‘2’} are cross

t-intersecting with ||| B| = [Zj]z = [2]‘,;1}2. Then of = % = {F € [‘;{”] : T C F} for

some T € [‘;”] or o =B = [)ﬂ for some Y € [21‘5"—:}'

Finally we mention some related results and problems. In [M] it is proved that if
n > max{2k,2¢} and two families &/ C (’2") and Z C ()2”) are cross 1-intersecting, then

|7||B) < (3-1) (4~1)-. It would be nice to have an algebraic proof of this result or a result
for cross t-intersecting families with different uniformities.

Conjecture 2. Let k> (>t >1andn > (t+1)(k—t+1). Suppose that two families

o C (}2”) and % C ()2") are cross t-intersecting. Then we have ||| 8| < (1) (7).

The above conjecture fails if t = 1, { = k— 1 and n = 2k — 1, see [[I] for a counterex-
ample.

In [@] it is proved that if (r — 1)n > rk and r families .%,...,. %, C ()2”) are r-cross 1-
intersecting, namely, |F; N---NF,| > 1 holds for all F; € .%; (1 <i<r), then []_, |.%| <
(Z:{)r. Is it possible to give an algebraic proof of this result? How about r-cross ¢-
intersecting families?

Conjecture 3. Letn >k>t,0<p<(r—1)/rand1 <t < (p'="—p)/(1 - p) —r where
p = k/n. Suppose that r families F,...,. %, C ()2”) are r-cross t-intersecting, namely,
|FiN---NF,| >t holds for all F; € %; (1 <i<r). Then we have []/_, | #i| < (Z:;)r

In [I3] some partial results were obtained by using a combinatorial technique with help
of probabilistic methods, which verify the above conjecture for some special cases.

Gromov [[] showed that such inequalities concerning cross intersecting structures can
be equivalently reformulated in terms of monomial subsets in the N-torus, and for example
he obtained a homological separation inequality for pairs of disjoint subsets in N-torus
from an inequality obtained in [[[T] mentioned above.

2. ToOOLS

We introduce our main tools for the proof of the theorems. Let G be an N-vertex graph.
A real symmetric N x N matrix A = (a;;) is called a pseudo adjacency matrix of G if

e a;j =0 whenever {i, j} ¢ E(G), and
e 1 (all 1 column vector in RY) is an eigenvector of A with a positive eigenvalue.

Let A be the set of eigenvalues of A. Let 1 (A) € A be the positive eigenvalue correspond-
ing to 1, and let u;(A) be the eigenvalue having the largest absolute value in A\ {1 (A)}.
(In our applications below, u; will be the largest eigenvalue and p, will be the smallest
eigenvalue.)

Ellis, Friedgut, and Pilpel used the following variant of the Hoffman—Delsarte bound
to get a cross 7-intersecting version of an EKR inequality for permutations in [B]. They
attribute one of the origins of this result to [O].



4 N. TOKUSHIGE

Lemma 1. Let G be an N-vertex graph with a pseudo adjacency matrix A, and let Uy,U, C
V(G). Suppose that there are no edges between Uy and U,. Then we have

12(A)
VIl < G @]

As we will see this result is very useful. We recall a quick proof for later use. (We
will need Lemma [ (b) which follows from the proof of Lemma [ easily, but this is not
mentioned in [B].) We start with the following simple inequality.

Claim 1. Ifc,d € [0,1] then /T —c/1—d < 1 —+/cd.

Proof. We apply the inequality of arithmetic and geometric means twice:

VImeyT—a< Um =Dy etd oy g,

O

Proof of Lemma M. Let yu; = p;(A) for i = 1,2. Since A = (a;;) is a symmetric matrix we
can choose orthogonal eigenvectors v; = 1,v,,...,vy € R" corresponding to the eigen-
values [y, [, ..., Uy so that vIv; = N§;. Let f = (fi,...,fv) be the characteristic row
vector of Uy, thatis, f; =1if i € U; and f; = 0 if i ¢ U;. We can write it as a linear
combination of eigenvectors as f = Zﬁvzl c,-vl-T. Also we can write the characteristic row
vector of U as g = YV | dvT. Then we have

N
o1 TN T
= fl1= Ny = —
|Ui| = f1 (Z civ; )vi =c1vivi = cIN,
i=1

and
N

N N N
U = ffT = (Y ev] /(Y cjvj) =Y civivi= Y &N.
j=1 i=1 i=1

i=1 - —
Thus we have

N
0,1]3|U)|/N=c; =Y .
i=1
Similarly, from |Us| = gl = gg”, we also get
N
[0,1] 3 |UVa|/N =dy =) d?.
i=1

Now we compute fAg” in two ways. On one hand we have
fAS =Y aijifigi+ Y, aijfigi =0,
ijEE(G) ijZE(G)
because fig; =0ifij € E(G) and a;; = 0 if ij ¢ E(G). On the other hand, we have

N N N N N
fAg" = (Y e DAY djvj) = (Y ev) () djpjvj) = ) ciditN.-
j=1 i=1 j=1 i=1

i=1 = —
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Thus we have 0 = ny: | cidil; and

N N (i) N (ii) N N
crdipy = | Y cidipti| < Y |eidipsi] < |l Y leidi| < [paly | Y iy | Y d7
=2 =2 =2 i=2 =2

(iii)
= |.u2|\/61—0%\/d1—df < ||V erdi(1 —+/cidy),

where we used the Cauchy—Schwarz inequality at (ii) and the claim at (iii). This gives
i 1 1, or equivalently,

[uo] < Veid,
!Ul\ |U2 ( )_1 |2 |
— \Jed; < =2l
| 2| pi + |12

as desired. O

Lemma 2. Suppose that equality holds in Lemma . Then we have the following.

(a) Both of the characteristic vectors of Uy and U, are contained in the subspace
spanned by eigenvectors corresponding to iy (A) and A € A with |A| = |ua(A)|.

(b) If u2(A) < 0 and —ur(A) & A then Uy = Uy. Namely, if U (A) is the smallest
eigenvalue which has the largest absolute value in A\ {11 (A)}, then U (= U,) is
an independent set itself.

Proof. We reuse the proof of Lemma [. First we notice that
=dj and |¢;| = |d;| for 2 <i < N. (1)

In fact we have equality at (iii), which gives ¢; = d;, and we have equality at (ii), which
gives |ci| = |d;| for 2 < i < N. We also need equality at (i), so for 2 <i < N we have
c; =d; =0 or |i;| = |2 |. This gives (a).

Next suppose that 1y (A) < 0 and —pp(A) € A. Since we have

N N N
crdipy = — Zcidi.ui = (—l2) Zcidi = || Z |cid;|,

we get ¢;d; = |c;d;| for all 2 <i < N. This together with () implies that ¢; = d; for all i.
This means f g, or equivalently, U; = U,, which completes the proof of (b). 0J

3. APPLICATION
For the proof of Theorem [0 we modify a result due to Wilson slightly as follows.

Lemma 3. Let <1- 7 Let G be a graph with V(G) = ()2") and two vertices F,F' €

V(G) are ad]acent iff |FNF'| <t. Then there is a pseudo adjacency matrix A of G with
-1

1) = () ()" =1 a(A) = —1, and —pia(4) £ A

Here we summarize some known facts about the pseudo adjacency matrix used in
Lemma B from [[3]. (We will need them to state the next lemma precisely.) The ma-
trix A above is defined as follows:

-1 . ~ —1
Ak—1—i\ (n—k—t+i
A=Y (=1 By

i=0



6 N. TOKUSHIGE

where By_; is an (}) x (}) matrix indexed by ()i”) X ()i”) whose (F,F’)-entry is given by

X, F'\F
#{Je(k ,):JﬂF:(/)andJCF’}:<|k\_|).
—1

Equivalently we can write B; = (V_ij)Tij, where Wy, (resp. ij) is an (;’) X (Z) matrix
whose (J,K)-entry is 1 if J C K (resp. JN K = 0) and O otherwise. Let U; be the row space
of Wj. Then we have Uy C Uy C --- C Uy and Uy is the entire vector space E spanned by
all characteristic vectors of the k-subsets of X,. (This follows from W;;W;, = (k ’) Wi for
i < j<k.) LetVy="Upand for j > 1 let V; be the orthogonal complement of U; | in U}, so
that U; = V;®U;_;. Then we have an orthogonal decomposition £ = V(@ V1 DDV,
and after some computation we have the corresponding eigenvalues 6y, 0y, . .., 6; of the
matrix A such that Av = 6;v for all v € V;. (Recall that A is real symmetric, and so all these
eigenvalues are real.) Moreover Wilson obtained the following result to prove the EKR
inequality for 7-intersecting families of k-subsets in [[3].

Lemmad. Letn > (t+1)(k—1+1). Then 6y = (}) (’,jjﬁ)‘1 —1,60,=6,=--=6=—1,

0< 641 <060,and 1> |67 > |63 > > |6

If |6,11| < 1 then Lemma B follows from Lemma B by setting y; = 6y and y, = 0.
Namely, it suffices to show the following claim for the proof of Lemma B.

. k 1
Claim 2. Ler ; <1-— N
Proof. We start with the expression 6,1 =t8_1(k—1,n—k+1;t,1) using (4.4) and (4.5)
of [[3], which reads as follows:

o= S

=B L) i
£ () () <2 )
EOGS) (06 )
k

t k —t
( +1> —1—(1——) —1<1.
n—k n
Weusednf_ !

kt_ - < ﬁ in the second inequality, which follows from % <l—5=<5. We
1

also needed % <1- 7 for the last inequality. OJ

Then 0 < 6,41 < 1.

IN
HMI

S
D —

Proof of Theorem [l. We construct a graph G and a pseudo adjacency matrix A with p; =
I ' 1and p = —1 as above. Then <7, % C V(G), and there are no edges between
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o/ and £ because of the cross z-intersecting property. By applying Lemma I with N = (Z)

we get
mrliel ()T T -\ ke

It is known from [[3] that a z-intersecting family .%# C (i”) with |7 | = (Z:;) fixes some
t-subset. Thus we get the desired extremal configuration by Lemma & (b). We can also
obtain a simpler proof of this part by following the proof of Theorem [ below, because the
subspace proof can be modified to apply to subsets as well. O

For the proof of Theorem O we need the following result due to Frankl and Wilson [&].

Lemma 5. Let n > 2k. Let G be a graph with V(G) = [‘2”] and two vertices F,F' € V(G)
are adjacent iff dim(F NF'") < t. Then there is a pseudo adjacency matrix A of G with

wi(A) =[] =1 ma(A) = =1, and —pa(A) € A

The pseudo adjacency matrix used in Lemma B is as follows:

2 Tk—1—i][n—k—t+i]"!
A= q—k +k+(2) (_1)t—1—z|: ][ :| Bk_.,
i;') k—t k—t !

where By_; is an [}] x [}] matrix indexed by [‘ﬂ X [‘2’] whose (F, F')-entry is given by

Vi
#{J € {k } :JNF={0}andJ C F'}.
—1

Proof of Theorem B. We construct a graph G and a pseudo adjacency matrix A with p; =

] 1] ' _1and w = —1 as in LemmaB. Then .7, % C V(G), and there are no edges

between 7 and % because of the cross z-intersecting property. By applying Lemma [I
with N = []] we get

T |12 B 1 n| [n—t
ST (M= =1 +1 M - {k—t]'

Now suppose that n > 2k and we will determine the extremal configurations. The proof
below is based on ideas due to Wilson [[3] and Godsil and Newman [B]. We can apply
Lemma D (b). So it suffices to show that if .# C [‘2’] is r-intersecting with |.Z| = [{ 7],
then .7 fixes some ¢-subspace.

Let f € {0, 1}[2] be the characteristic row vector of .Z. Let Wi (n) be an [7] x [[]] matrix
indexed by ['"] x [%], whose (T, F)-entry is 1 if T C F,and 0if T ¢ F. In this case it is
known from [B] that f is contained in the row space of W;;(n). Thus there is a row vector
h e Rl such that f=hWy(n). Fix Fp € #. Letd =n—k+ (t — 1) and choose C € [‘;”]
such that dim(Fy N C) = ¢ — 1 arbitrarily. Let W¢ be the [[] x [i] submatrix of W (n)

t
consisting of columns indexed by [ﬂ Let fc be the subvector of f consisting of entries
indexed by m . Then fc = hWc. By the t-intersecting property of .%, none of k-subspaces

in [i] belong to .#, that is, fc = 0. Thus we have 0 = fo = hW.
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We further divide W into two parts W and O, where W is a [ﬂ X Uﬂ matrix whose

rows are indexed by [ﬂ . Then O is a zero matrix because each row of O is indexed by a
t-subspace not contained by C while each columns is indexed by a k-subspace contained
by C. On the other hand, it is known that Wy (m) has full row rank if m > r + k, see,
e.g. [B]. Noting that W and W,i(d) have the same rank andd =n—k+1—1>t+k (we
need n > 2k here), it follows that W has full row rank.

By rearranging the rows of W we may assume that W is the first m rows of W¢ (and
the remaining rows of W¢ are all 0). We write & = (hc,h’) accordingly, namely A¢ is the
first [¢] entries corresponding to [€]. Then it follows that

0 = hWe = (he, i) (g) — heW 1O = heW.

Since W has full row rank, we have ¢ = 0.

Forevery T € [‘ﬂ such that T ¢ Fy we can find some C’ € [Yﬂ with dim(FoNC') =r—1
and T C C'. Then he = 0, in particular, the entry of A corresponding to T is 0. Therefore
if there is a nonzero entry of A, then the corresponding ¢-subspace is contained in all
F € .Z. Since |.Z| = [{_}] the only possibility is that / is a {0,1}-vector having 1 at
only one position. Then f = hW;;(n) coincides with one of the rows of W;;(n), say, a row

corresponding to Ty € [‘ﬂ , which means .% = {F € [‘;ﬂ :To C F}. O

Proof of Theorem B. This follows from a well-known technique, and we only give a sketch
here (see e.g., [B] for details). Consider any non-degenerate bilinear form (say, the standard
inner product) f : V,, x V, — Iy, and for a subspace U in V,, let Ut:={veV,: fuyv)=
0 for all u € U} be the orthogonal complement. For & C [] let F4 = {F1 . F € F#}.
Then we have % C [ ] and |F1| = |.Z|.

Suppose that 2k —t < n < 2k, and let { =n—k and s = n— 2k +1¢t. We notice that
n>2¢ > 2s >?2. Moreover it is not difficult to verify that .o/, % C [‘ﬂ are cross f-

intersecting if and only if o7+, #+ C [‘ﬂ are cross s-intersecting. By applying Theorem

to o7+ and #", we get the desired conclusion. 0

Proof of Theorem B. This is a direct consequence of Lemma @ (b) and Lemma B. O
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