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Abstract

Let A(n) be the minimum area of convex lattice n-gons. We prove
that lim A(n)/n? exists. Our computations suggest that the value of
the limit is very close to 0.0185067.. ..

*Partially supported by Hungarian National Science Foundation Grants T 032452 and
t 029255



1 Introduction

What is the minimal area A(n) a convex lattice polygon with n vertices can
have? The first to answer this question was G.E. Andrews [An63]. He proved
that A(n) > cn® with some universal constant ¢. V.I. Arnol’d arrived to the
same question from another direction [Ar80], and proved the same estimate.
Further proofs are due to W. Schmidt [Schm85], Bardny-Pach [BP92]. The
best lower bound comes form Rabinowitz [Ra93] via an inequality of Rényi-
Sulanke [RS63]
1 A(n) 1
st <y S gt rod):
The upper bound follows from Remark 2 below.
Our main result is:

Theorem 1 lim A(n)/n® exists.

The value of the limit — as we are going to show — equals the minimum
of finitely many explicit extremal problems. But the finitely many is about
10*, too many to solve. Our computations show, however, that most likely

A
lim (?) — 0.0185067. . ..
n

We will also see that the convex lattice n-gon P with area A(n) has elongated
shape: after applying a suitable lattice preserving affine transformation, P
has lattice width ¢;n in direction (0,1) and has width ¢,n? in direction (1,0)
where ¢y, ¢, positive constants. Almost all the paper is devoted to the proof
of Theorem 1.

Remark 1 Actually, Andrews [An63] showed much more, namely the fol-
lowing (see also [Schm85], [KS84]). If P C R is a convex lattice polytope
with n vertices and volume V' > 0, then

dy1
cni-t <V,

where c is a constant depending only on dimension.



2 Reduction

Define P, as the set of all convex lattice n-gons in R2, then
A(n) = min{Area P : P € P,}.

In the next two claims, whose proof is given at the end of this section, we
reduce the search for A(n). As A(n) is increasing it is enough to work with
even n.

Claim 1 For even n, there exists a centrally symmetric P € P,, with A(n) =
Area P.

Fix a centrally symmetric P € P, with A(n) = Area P (n = 2k even).
The edges are 21, 29,..., 2k, —21,..., —2; in this order. Clearly, each z; is a
primitive vector, i.e., its components are coprime. Write P for the set of all
primitive vectors in Z2. Define

C =conv{z1,29, ..., 2k =21y, — 2k}

Then P is the zonotope spanned by {z1,..., 2}, i.e., P = X5 [0, z;] As it is
well-known and easy to check

AreaP(C) = > |det(z;,2)|.

1<i<j<k

Write C for the set of 0-symmetric convex bodies in R%. So C € C and define

AQ) =5 ¥ X [det(u o))

ueCNP veCNP

The following claim shows that A(C) = Area P(C).
Claim 2 If z € CN P then z = z;, or —z; for some i.

This means that the search for A(n), or for minimal P € P, is reduced to
the following minimization problem.

Min(n) = min{A(C) : C € C with |C NP| = n}.



Observe that the solution C to the problem Min(n) is invariant under lattice
preserving linear transformation. Thus we may fix C in standard position.
This means that the lattice width of C' is 2b = 2b(C) and is taken in direction
(0,1). Recall (from [KL88], say,) that the width of K C R? in direction
2€Z? 2#0is

w(z, K) =max{zz — 2y : z,y € K},
and the lattice width of K is, by definition,
w(K) = min{w(z,K) : z € Z*, 2z # 0}.

Now let [—a,a] be the intersection of C' with the z axis. We may further
assume that the tangent line to C at (a,0) has slope > 1. A simple com-
putation, (using the fact that the width of C in direction (1,0) and (1, -1)
is at least 2b) shows that 2a > b. We fix C in this standard position. We
record the following inequalities:

2a > b, 2ab < AreaC < 4ab.

Remark 2 From now on we may assume b > 2 since for b = 1, according to
Claim 2, the minimal C is (with n = 2k)

conv{=£(0,1), £(1,1),£(2,1),...,+(k — 2,1),%(1,0)}

AC) _ 1

which gives lim =5 45> the example found in [Ra93].

When C € C is a circle with |C N P| = n, its radius, and then A(C) are
estimated easily showing lim Afg) = 5—14 This is the estimate given in the
introduction.

Proof of Claim 1. Let Q € P,, with vertices vy, vs, ..., vy (n = 2k) in this
order. The diagonal [v;,v;11] cuts @ into two parts. Reflecting the part with
smaller (or equal) area to the point (v; + v;++)/2 produces a lattice polygon
with area < Area Q. So it is enough to show that, for some i € {1,...,k}, the
reflected n-gon is convex. It is certainly convex if there are parallel tangent
lines to @ at v; and v; 4.

If there are no such tangents then the lines of the edges incident to v;
intersect those of incident to v;,; on the same side of the line v;v;,4, on the
left side, say. Then the lines of the edges, incident to v;,, intersect those of
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Virk+1 on the left side of the line v;y1v;114+1, again. Starting with i = 1 a
contradiction is reached at i = k£ + 1. |

We prove Claim 2 in stronger form:

Claim 2' Assume that z,,...,z;, € R?, and no two of them collinear. If
x € conv{tz,...,tx,} and x # *z; (Vi), then there is a j such that
replacing x; by x gives a zonotope with smaller area.

Proof. Assume first that z is on the boundary of conv{£x,,...,+z;}. Then
¢ = (1 — u)zs + ux, for some 0 < u < 1. We may also assume that
SF | det(zs, z,)| > S, |det(x,2,)|. Let y, = z and y; = x; if i # s.
Then

k

3 det(yy)| = 2|det<a:i,a:>|<§;|det<xi,x>|

i=1 iF£s
k

= Y |det(z;, (1 — u)a, + uz,)|
i=1

k
= Y |(1—u)det(z;,z,) + udet(z;, z,)|

=1

(1—u) Z | det(z;, 2s)| + u Z | det(z;, x)|

i=1 =1
k

(1—u)d | det(z;, )| +u Z | det(z;, )]

i=1 i=1

IN

IN

k
= Z | det(mh $5)|

=1

Thus, replacing z, by £ makes the area smaller.

If z is in the interior of conv{+z,...,+z;}, then Az is on the boundary
of this set with a unique A > 1 (apart from the trivial case « = 0). The
previous argument shows that replacing x, by Az makes the area smaller,
and consequently, replacing z; by  makes it smaller, too. |

In the next two sections we approximate |C NP | and A(C) using that the
density of P in Z? is 6/72 (cf. [HW79]). We need to measure approximation
by a quantity invariant under lattice preserving linear transformations. This
is going to be the lattice width 2b = 2b(C).
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3 Approximating |C' N P|

Lemma 1
lo gb

6
‘|CﬂP|—AreaC‘<<AreaC 3

Here and in what follows we use Vinogradov’s <« notation. Thus f(n) <
g(n) means that f(n) < Dg(n) with some universal constant D.
Proof. The proofis standard and uses the Mobius function u(d) see [HW79].
Set
Ct=cCn{(z,y) eR*:y > 0}.

Clearly, |[C NP| =2+ 2|CT NP| and

crnPl = X 3 pld)= 3 ud) 2 1=
(u,w)ECTNZ2 d|u d=1 (U,’U) € ctn Z2
dlv d|u, d|v

b

1
= Y udl50 7,

d=1

Claim 3 19
‘| ctnz?| - Areac+ <=t

Proof. It suffices to show this for d = 1. Let Q(z) denote the unit square
centered at z € Z?. Call 2 € Z? inside if Q(2) C CT, boundary if z € C*
but Q(z) ¢ C™*, and outside if z ¢ C* and Q(z) NintC* #£ 0. (Note that
we will use the same inside, boundary, and outside squares Q(z) in the next
section.) Clearly

|CT N Z?| = |{z € Z* : inside}| + |{z € Z* : boundary}| =
= AreaC*+ ) Area(Q(z)\C")— Y Area(Q(z)NC7),
2 boundary z outside

and the number of boundary and outside z € Z? is at most the perimeter of
the smallest aligned box containing C*, which is 2b + 2(a + b) < 12a. |



With Claim 3 we have

b
3 uld) (|$c+ nZ?| - %Area C+)
=1

b

< Y | Lo NnZ* — —AreaC+

d=1
b
< Y E(2b +2(a +b)) < 12a(1 + logb).
d=1
Thus
" ~ p(d) "
|ICTNP| - ¥7 —~AreaC™"| < 12a(1 + logb).
d=1
Note that |3, ”(f — 5 <¥Y2,1 5 <t Then
1
‘|C’ nP|— 62Area,C‘ <2+ gAreaC + 24a(1 + log b)
s
2 1 12(1+logb)
< A — =
rea C (2ab b + 5 )
logb

& AreaC- g

This completes the proof of Lemma, 1. |

4 Approximating A(C)

Lemma 2

DS |det(u,v)|—(%)2L+/(j+|det(x,y)|dxdy

ueCtNP veCtNP

< (Area C’+)3—IO§ b

Proof. It is very simple to see that

det(u, =/ / det(z, y) dz dy.
et(u,v) v€Q(u) JyeQ(v) etle,y) de dy

Then this holds for | det(u, v)| with | det(z, y)| as the integrand if det(z, y) has
constant sign on Q(u) X Q(v). This happens if Q(u) and Q(v) are separated
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by a line going through the origin. In case they are not separated, there are
&, n € R? with ||¢]|max [|7]lmax < 3 such that

0 =det(u+&v+n)=(u+&)(ve +12) — (uz + &) (v1 +m).

This shows that

det(u,v) = wvy — vy = —winy — §1va — E1m + U2y +v1€e + Eom

implying | det(u, v)| < 3(Jut] + Jus] + |v1| + |va] +1) < 5(2a+2b+ 1) < 4a if
u,v € Z* — {0}.

Similarly, if Q(u) and Q(v) are not separated, then for all (z,y) € Q(u) x
Q(v) (with u,v € Z? — {0} again)

| det(z,y)| < 8a.

We start estimating >, > | det(u, v)| via

> X ldet(wo)= >0 > [det(u,v)] D mu(s) D p(d)

ueC*+NP veCtNP ueCtNZ2 veC+tNZ? sur,s|us tlor,t|va

= Y. > ulsut) > S | det(u, )]
= vueCtNZ? velCtrnZ?
sluy, slus tlvy, tlus

Yosulstut) Y Y |det(u,)]

li= uelC+NZ? ve+ C+NZ2

= 21 -2X@+>0)

—_
—_

w0

I
E

—_

w0
Il

where

YO=YNsuemt) ¥ [ [ jdet(a, )] dedy,

uE%CJrﬁZ2 UE%CJFQZZ

>(2) is the same as >3(1) but for non-separated Q(u), Q(v), and

d(3)= zs: zt: sp(s)tu(t) D Y | det(u,v)| dz dy,

uelCc+tnz? velctnz?



again for non-separated Q(u),Q(v). For fixed s and ¢, the number, N(s,t),
of non-separated pairs Q(u), Q(v) with u € :C*NZ? and v € ;CT N Z? can
be estimated generously via Claim 3:

1 10 1 10
N(s,t) < <Area ~C* + _a) (Area —C* + _a>
s $ t t

1
< (Area C+)2@.
In 33(3), |det(u,v)| < ¢ + %, and in }3(2) the integrand | det(z,y)| < ¢ + ¢
as well. Consequently

: SERER
t

I 2)L1D-03) < YD st(AreaCt) o (; +

s=11t=1

& (AreaCt)?

)a
logb

Now we turn to (1). Define R(s) = Uy boundary (@(w) \ 2CT) and T'(s) =
U outside (Q(w) N LCT). We have to integrate over

LCTURW\T(s)] x {07 URO\T(0)]

The main term comes from integrating over 1CT x 1C*. We are going to
estimate the remaining 8 integrals.

It is readily seen that for z,y € C* |det(z,y)| < AreaC*. We need a
slight strengthening of this (whose simple proof is omitted).

Claim 4 When z € R(s)UT(s) andy € R(t) UT(t) and s,t < b, then

AreaC™
[det(a, )] < SR
st
Using Claim 4
AreaC™*
det(z, y)| de d 7/ d / d
ém /R(t)| ¢ (:1: y)| T < st Lo+ e R(1) 4

AreaCt 1
st 52

(AreaCt)* 1
b s34

AreaC™ % <



So the sum of these terms multiplied by st is

b b +
<<ZZst Areac ) Sth <<(AreaC+)3—

s=11t=1

The same applies to the integral over 1C* x T'(t) and when ¢ and s are
interchanged. Similarly

AreaC* a a < (AreaCT)* 1 1
st st b? s? 2’

/ / |det(z,y)|de dy <

and the same works for the remaining three integrals. Thus we have

boob
YooY | det(u,v)| = D0 sp(s)tu(t) / / | det(z,y)| dz dy| <
wECHNP vECTNP s=11=1 ot et
2
< (AreaC™)? (logb + 1052 b) & (AreaCt)? logb
Here
b
SN sp tu(t)ﬁ / | det(z, y)| dz dy
s=1t=1 _C+
b b (S
= 223—2 /(:+/ | det(x,y)| de dy
6 o u(s p(t / /
= | = - | det(z,y)| dx dy.
(”2 N ) ( 121 ) o+ Jo
By Claim 4 [, [o+ |det(z,y)| dz dy < (AreaC*)?. Thus
boob
3N sp(s)tu(t / / | det(z,y)|dz dy
s=1t=1 o
1
—{ = 32
<7r2) L+ /C+ |det(:v,y)|da:dy‘ & (AreaC™) 3
finishing the proof of Lemma 2. |
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5 Symmetrization

Theorem 2 Assume K € C, and B € C is a disk with Area K = Area B.

Then
[ [ 1det(@, )l dzdy > [ [ |det(z,y)|dedy.
KJK BJB

Equality holds iff K is an ellipsoid.

This theorem is known as Busemann’s random simplex inequality [Bu53].
The proof goes by standard symmetrization (see e.g. [Bub3] or [Schn93]), so
we only give a sketch. Let K* be the symmetral of K with respect to a line [
passing through O. We may assume, without loss of generality, that [ is the
x axis. To prove the theorem, it suffices to show the following:

/‘l"/l" ( )| y_/‘, ‘/‘, | ( 7y)| :,Edy.

Proof. Write z = (21,22) and y = (y1,¥2). Fix 1 € R and define I(z,) =
{z2 € R : (21,22) € K} which is clearly an interval, I(z,) = [A, B], say.
Then {z, € R: (z1,29) € K*} = [-(B—A)/2,(B—A)/2] is an interval again
which we denote by I*(z;). Similarly, for fixed y, {y2 : (y1,42) € K} = I(y1)
is an interval. Now the part of the integral [, [, |det(z,y)|dz dy with z,
and y; fixed and the same part of [,. [+ |det(z,y)|dz dy can be compared
easily. First, det(z,y) = 21y» — 22y;, and

/ / |T1y2 — 22y1 | do dys < / / |12 — Toy1| dzo dys.
I(z1) JI(y1) I*(z1) JY*(y1)

This is true since the integrand is the absolute value of a linear function on
the rectangle (z2,y2) € I(2;) x I(y,) which is clearly the smallest when the
linear function is 0 at the center of the rectangle. This is the case exactly for
the symmetral. |

If B is a disk centered at the origin, then

8
= B)’.
/B/é|det(:c,y)|da:dy 9W2(Area )

Thus Lemmas 1 and 2, and Theorem 2 give
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Corollary 1 If C' € C with |C NP| = n, then

1 logb\
AC) 2 (5—4‘ T)"

where D is a universal constant.

Remark 3 It turns out that one can take D = 5000 here when working with
explicit constants instead of <.

6 The value of lim A(n)/n’

Set

(2¢—” + %(lﬁfmu))) 1423 00 ( 1 @z?) -

¢ =1 i— =1 J

9 b
f(zh"'azb):gz

=1

We say that zy,...,2; is special if the z; are decreasing, z, > 0 and they are
convex, i.e., they satisfy 2z; > 2,1 + 241 for ¢ = 2,...,b — 1. Define the
following minimization problem:

¢(i)

b .
e .. . ? . .
minimize f(zy,...,2) subject to 4 E —tz;=1,21,...,2 is special.
i=1

The minimum, which clearly exists, will be denoted by M (b).
Theorem 3 lim A(n)/n® = min,<910 M (D).

Before the proof we give the following construction. Assume b > 1, and
x1,...,2, is special with z; > 0. Define

K = conv{(+x;,,+i) e R*:i=1,...,b}.

K is a convex set which is symmetric with respect to both axes. Define the
2 by 2 diagonal matrix H,,, with diagonal elements A, and 1, that satisfies
|P N H,K| = n. (There might be a little ambiguity in this definition since
several, but at most 4b, elements may appear on the boundary of H, K.
Resolve it by considering some of these points as belonging, while some others
as not belonging, to H,K.) Setting K,, = H,K we see that |P N K,| = n.

12



Define I(e, f;i) = {(z,i) € Z* : e < & < f}. It is clear that the density
of P on the line y = i is ¢(¢)/i, and there are exactly ¢(i) primitive points on
an interval of the form I(si, (s + 1)é;4). Write I(7, s) for this interval. Now

b . b
In—4% @Anm <4) i <4
i=1 1

since, for each ¢ > 0, the error term comes from the two subintervals I (%)
and I,;,4,(¢) of I(—A,2;, A,2;; ) that remain after deleting all (i, s) contained
in it. A similar argument gives the following claim.

Claim 6

where the implied constant depends only on b.

Proof. We only give a sketch. The basic observation is that Y |det(u,v)]
over (u,v) € (I(Z,s)NP) x (I(j,t)NP) is the same as ¢(i)¢p(j)/(ij) times the
same sum over (u,v) € I(i,s) x I(j,t), provided det(u,v) does not change
sign on the box I(i,s) x I(j,t). The error terms come from two sources: First,
from boxes where sign change occurs, but there are few of those, and there
| det(u,v)| < ij. Secondly, when u € Ij.;() or I,;n(i), and similarly for
v. But these intervals are short, with |det(u,v)| at most 4bA,, (cf Claim 4).
The statement follows by summing ¢(i)@(j)| det(u,v)|/(ij) over all (u,v) €
(K, NZ*) x (K, NZ?). |

So this construction satisfies |P N K,,| = n and

M) _ oy (535400

lim 3

Proof of Theorem 1. Let C, be the solution of the extremal problem
Min(n) from Section 2. Let n; be a sequence along which Min(n;) tends
to M = liminf Min(n). If b(C,) — oo along a subsequence of n;, then,
according to Corollary 1
AC,) 1

nd 54
along the sequence n;. But then this is true along the sequence n as well
since, for the disk B, containing n primitive points, lim A(B,)/n* = 1/54.

lim
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Assume now that b(C,) is bounded along n;. Then we can choose a
subsequence of n; along which b(C,) = b for some fixed b > 1. To save
writing, we denote this subsequence by n; as well.

Let C* denote the symmetral of C,, with respect to the y axis. The dis-
crete analogue of the proof of Theorem 2 shows (we omit the straightforward
details) that, along the sequence n;,

Forn=n; and i =0,1,...,b define z,(n) > 0 by
[—zi(n), zi(n)] = C; N {(x,i) : € R}

Then with our previous notation zy(n) = a(C}) = a(C,), and a(C,) — o©
(along n;) since AreaC, < 4a(C,)b. Choose now a subsequence of n; along
which z;(n)/a(C,) is convergent, with limit z;, for ¢ = 1,...,b. As the
sequence x1,...,Z; is special and z; > 0, the above construction works and

gives the sequence K,,. It is obvious that, along the last subsequence of n;,
lim A(K,,)/n®* =lim A(C})/n* = M. Then

A(Ky)

lim — =M

n—oo n:
as well. |
Proof of Theorem 3. Given a special z,...,2; with 43} Mﬁx,- =1, we

constructed a sequence of bodies K,, with |K,, N"P| =n and lim A(K,,)/n* =
f(z1,...,2;). So the value of the limit in Theorem 1 is less than 1/54 if we
find a single special sequence on which f is smaller than 1/54. Here is such
a sequence with b = 15:

z; = 0.03352589244, z, =0.03335447314, z; = 0.03300806459,
x4 = 0.03251038169, x5 =0.03186074614, zs = 0.03104245531,
z7 = 0.03004944126, x5 = 0.02886386937, x4 = 0.02745127878,
zio = 0.02577867736, x; = 0.02380388582, x9 = 0.02143223895,
x5 = 0.01851220227, x4 = 0.01470243266, x5 = 0.008861427136,

giving
f(z1,...,215) =0.0185067386955 . . .

14



which is smaller than 1/54 = 0.0185185185... by about 10°.
To see the bound b < 10'°, we use Corollary 1: if b > 10'°, and C € C
with |C N P| =n, then

AlC) _ 1 log 1017
7(13 S = — 500025 > 0.018507.

Remark 4 The 10'° bound can be improved to about 107 by proving a
stability version of Theorem 2: informally stated, this would say that if the
left hand side of the inequality in Theorem 2 is smaller than 1 + ¢ times its
right hand side, then K can be sandwiched between two ellipsoids E and

(14 cy/e)E.

7 Remarks on computation

It seems hard to solve the minimization problems explicitly. We used the

following heuristics. Let x,...,x;, be a solution to the problem. What
can we expect about x1,...,2,? According to Theorem 2, it is reasonable to
assume that (21,1),...,(x;,b) are almost on the boundary of an ellipsoid. So

let E; be an ellipsoid whose half-axes are of length 1 and ¢ with b <t < b+1,
and define ;
w(i,t) = 14/1 - (%) 0<i<t).

Set W = 40, ®Way(4,¢) and 2 = w(i,t)/W for i = 1,...,b. Then these
Z1,...,% form a good approximation for the solution of the minimization
problem. In fact, this method gives, with ¢ = 15.56 (then b = 15) the
points z1,..., 215, that already satisfy f(zi,...,215) < 1/54. The even bet-
ter solution xy,...,25 giving f(x1,...,215) = 0.0185067 ... was found near
the previous z,..., 215 by solving the set of equations that constitute the
necessary conditions for the extremum.

Using this heuristics we have checked the value of f near the ellipsoid
E, for b=1,...,100 carefully (Figure 1) and for b = 101, ...,1000 roughly
(Figure 2). The computation suggests that the true limit of A(n)/n® is
very close to the above value 0.0185067.... If this is the case then the
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minimizer P, is very close, but not equal to, the ellipsoid with equation
2?/A% + y?/B? = 1 where A = 0.003573n? and B = 1.656n. But even if the
minimum is different, the shape of the minimizer P, is oblong: it is ¢;n wide
con? long in its lattice width direction.

Figure 1
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