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Abstract

We have determined all exponents of (n,k, L)-systems of k < 12 except for essen-
tially two cases, which are related to the Steiner systems S(11,5,4) and S(12,6,5). This
requires several new constructions. Also some refinements of the previous methods are
necessary to get suitable upper bounds.

1 Introduction

Let L C [0,k — 1]. A family F is called an (n,k, L)-system (or (k, L)-system, L-system for
short) if F C ([Z]) and |[F'N F'| € L holds for all distinct F, F’ € F. Define

m(n,k, L) := max{|F| : Fis (n,k, L)-system}.
If there exist constants ¢, ¢, a depending only on &k and I, and satisfying
en® < m(n,k, L) < 'n?,
then we define a(k, L) := a which is called the exponent of (k, L)-system.

Conjecture 1 For all k and L, a(k, L) exists.

Theorem 1 ([7]) For every rational number ¢ > 1 there are infinitely many choices of k
and L such that a(k,L) = q.

In [5], Frankl determined almost all exponents for k& < 7. In this paper, we will determine
all exponents for £ < 10. For k = 11,12, we cannot determine «(11,{0,1,2,3,5}) and
a(12,{0,1,2,3,4,6}). These two cases are related to the Steiner systems S(11,5,4) and
5(12,6,5). Except essentially these two cases, we will determine all exponents for £ < 12.

Let us summarize the contents of this paper. In this section, we introduce the notion
of an intersection structure, and the rank of an intersection structure. In section 2, we list
known reductions and constructions related to a(k, L). In section 3, we discuss the cases in



which we cannot determine a(k, L) using exclusively results in section 2, and we present new
constructions and methods which give bounds for the exponents. Intersection structures will

play an important role in section 3. The table of exponents is presented in the last section.
For a family F C ([Z]) and an edge F € F define

I(F,F)y={FNnF:FeF-{F}}
Fiiredi proved the following fundamental result.

Theorem 2 ([10]) Given k,t > 2, there exists a constant ¢ = ¢(k,t) > 0 such that every
family F C ([Z]) contains a k-partite subfamily F* C F with k-partition [n] = Xy U---U X}
satisfying (1)~(3). For F C [n] define the projection n(F') of F by n(F):={i: FnX; #0}.
For a family A set 7(A):={m(A4): A e A}.

(1) |77 > elF].

(2) For any two edges Iy, Fy € F*, w(Z(Fy,F*)) = m(Z(F2, F*)).

(3) Z(F,F~) is closed under intersection, i.e., A, B € Z(F,F*) implies AN B € I(F,F~).

We call 7(Z(F,F~)) the intersection structure (IS) of 7 and denote it by IS(F) (it may

depend on the particular choice of F* but it does not influence our investigations in the

sequel). If F is an L-system then IS(F) is (non-uniform) L-system closed under intersection,
too. For an IS 7 C 2%, we define its rank by

rank(Z) := min{t : A7) # ([k]) 1,

where A; denotes the t-th shadow, i.e., Ay(Z) := {J € ([1;]) :J C I for some I € T}. Note
that rank(Z) is always an integer.
The following statement is an immediate consequence of Theorem 2. (cf. [12])

Theorem 3 ([12]) If F is an (n, k, L)-system then
|| < n®,
where a := rank(IS(F)).

Proof Take some A € ([fy]) such that A € A,(Z). Then for every set B satisfying 7(B) = A
there is at most one member F' of the family F* such that B C F holds. [

Define
rank(k, L) := max{rank(Z) : T C 2[¥ is a closed L-system}.

Using this notation, the above inequality is restated as follows.

Reduction 1 ([12])
a(k, L) <rank(k, L). (1)

Conjecture 2 ([12]) rank(k, L) —1 < a(k, L).

The above conjecture is true if & = 2 (see [10]). Initially we started our research on this topic
in order to disprove this conjecture, but so far our results verified it for £ < 10 and also for
almost all cases if £ = 11 or 12.

In the sequel, we often write a(9,025) or rank(9, 025) instead of a(9,{0,2,5}) or rank(9, {0,2,5}).



2 Reductions and constructions

Let L = {lo,lh,....ls},0<lp<li<---<ls<k.Define L-l:={lo—-1l,l1-1,....0,=1}n
[0,00], L/d :={lp/d,li/d,...,ls/d}, and A+ B:={a+b:a€ A, be B}.

Reduction 2 ([5])
a(k,L) = a(k—ly, L —lp). (2)

From now on, we may assume that [ = 0.
Reduction 3 ([10])

alk,L)=a(k/d,L]d) ifd=gcd{lo,...,ls}. (3)
It is not hard to see that

Reduction 4
Oé(k, [Ovt - 1]) =t (4)

Very little is known about the exact value of m(n, k, L) in general. Let us mention that Rédl
proved the following much stronger statement.

Theorem 4 ([13])
m(n,k,[0,t —1]) = (1 — o(1))-=.

Frankl and Fiiredi extended (4) in the following way:
Reduction 5 ([8]) Let L =[0,t; — 1] U [k — 3,k — 1], 11 + t5 < k. then
a(k, L) = max{ty,t2} (5)

2.1 Lower bounds

Reduction 6 For L' C L
o(k, L) > alk. 1 0

Reduction 7 If k =k + ky and LU{k} D (L1 U{k1}) + (L2 U{kse}), then
a(k,L) > a(ky, L)+ a(kz, Ly). (7)
Example 1 «(9,012456) > a(4,01) 4+ a(5,01) =24 2 = 4.
Reduction 8 ([1])
alk,L)>2 ifk =73 ¢ al;, where a; is a non-negative integer. (8)

Example 2 a(9,0258) > 2. (Indeed 9=0-04+2-24+1-5+0-8.)



2.2 Upper bounds
Reduction 9 ([3])

alk, L) <|L|. (9)
Reduction 10 ([3])
a(k, 1) < L]~ 1 (10)
unless both
(b =o)Lz = L)+ (s = L)k = L5), (11)
and 1, Is—1 l—1 ko1
2 — ¢ 3 — 62 s — bts—1 — ts
< < <L < 12
Lh=1lg = la-0L "~ Tlemy — ey T s =15 (12)
hold.

Reduction 11 ([4])

a(k, L) < max{a(k, L — {1}),a(l, LO[0,l —1]) + a(k —,L — 1)} forallo<l€ L. (13)
Reduction 12 ([5])

a(k, L) < max{a(k, L — {1}),(k = )+ a(l, L0 (L — (k= 1))} forall0<le L. (14)

Reduction 13 ([9]) Suppose q is a power of the prime p. Let po, ..., s be distinct residues
modulo q. Suppose F C ([Z]) satisfies k = po (mod q), and if F,F' € F, F # F' then
|FnF'| = p; (mod q) for some 1 < i < s. If there exists an integer-valued polynomial g(x)
of degree d such that pfg(k) but plg(z) for & = p; (mod q), 1 =1,...,s, then

7] < (’;) (15)

Example 3 «(10,0347) < 2. Takep=2,q=4, g(z) = (QHQ'I)

2.3 Application

Theorem 5 Suppose I C [0,k — 3] and define I' := L U {k — 1}. Then a(k,L') =
max{a(k,L),1+a(k—-1,LN(L—1))}.

Proof By Reduction 12, we have

a(k, ') <max{a(k,L),1 + a(k — 1, L'n (L' - 1))}.
Ifa(k,L)>14a(k—1,L'n(L'—1)) then using Reduction 6, we have

alk, L) < a(k, L") < a(k,L).
Now suppose a(k,L) <1+ a(k—1,L'Nn(L"—1)). Using Reduction 7, we have
alk, L'y < a(1,{0}) + a(k = 1,L'n (L' = 1)) < a(k, L').

By the definition of L', we have L' N (L' —1) = L n(L — 1). Thus, it follows that a(k, L") =
1+ a(k—1,Ln(L—1))in this case. |
Conjecture 3 Suppose I C [0,k — 3] and define L' := LU{k —1}. Then a(k,L’') = a(k, L)
holds.

In view of our results this conjecture is true for £ < 10 and also in almost all cases for
k=11, 12 as well (cf. the tables at the end of the paper).



2.4 Constructions using finite geometries

Construction 1 Let F be the set of m-dimensional affine subspaces of a d-dimensional
vector space over GF(q), and let n = ¢%. Then F is an (n,¢™,{0,1,q,¢%,...,¢""'})-system
of size O(n™t1).

Example 4 a(8,0124) = 4, a(9,013) = 3.

Construction 2 Let F be the set of m-dimensional projective subspaces of a d-dimensional

vector space over GF(q), and let n = q%. Then F is an (n, qW:r_ll_l,{U, g+ 1,¢° + ¢ +
1,..., q;n__ll })-system of size ©@(n™t1).

Example 5 a(7,013) = 3. (Set g =m = 2.)
Using quadratic forms in projective spaces the following result was obtained in [4].

Theorem 6 «(10,0124) =4, a(11,012357) = 5.

3 Exponents beyond previous reductions and constructions
Let F be an (n,k, L)-system and set Z := IS(F). Define the generator set 7* of 7 by
I*:={I€Z:Al' eI suchthat ICI',T#T}.

3.1 a(12,0145) = 2.5

By computer search, we found that rank(12,0145) = 3 and there are two ISs Z; and Z; of
rank 3, with corresponding generator sets:

Iy = {aY,yZ,2X},
I3 =A{X,2Y,aZ,yZ},
where X UY UZ =[12], | X|=|Y|=|Z|=4,2Y :={{2}UY : 2 € X} etc.

Theorem 7 Let a > 3 and F be a (3an,3a,{0,1,a,a + 1})-system. Let X UY U Z = [3al,
|X| = |Y|=1Z| = a. Suppose that IS(F) is generated by

Iy = {aY,yZ,2X},

or
I3 =A{X,2Y,aZ,yZ},

where Y = {{z}UY 12 € X} etc. Then

| F| = O(n*?).



Proof of Theorem 7 By using Theorem 2, we may assume that F is 3a-partite with
partition [3an] = ViU---UVsa, [Vi| = - =[V34| = n. For A C [3a] define A :=J;c4 Vi and
Fla:={FnA:FeF} ForGCY, define

NG ={JF:FCX,FUGE€ Flxur}
Lemma 1 If G,G' CY,|GNG'| =1 then N(G)n N(G') = 0.
Lemma 2 Forally €Y, >oyea IN(G)| < Vi = n.
Lemma 3 #{G CY : |[N(G)| > v} < n'?’.
Proof Let G:= {G CY :|N(G)| >/n}={G1,...,G,}. Suppose that ¢ > n'®. Fory € Y
set deg(y) := #{G € G : y € G}. Then it follows that
n> Y [N(G) > Vndeg(y)

yeGEG

for every fixed y € Y. Thus we have
ag =Y deg(y) < [V |V = an'?,

yeY

that is ¢ < n'%, a contradiction. [
Since any two edges in F intersect in at most a 4+ 1 vertices, one has
|Fl=#{GUH € Flyuz:GCY, HcC Z}.
Define )
Fo={FeF:FnY eg}

By the ISs, any two edges in F which intersect in a vertices on Y are disjoint on Z. Thus,
we have

| Fol < 1G]|Vaal < n*°.
Let 7y := F — Fy. Then for all G € Fi|y we have |[N(G)| < y/n. Since Fy|x is an (a,01)-
system, it follows that
#{FCX:FUGE Flxuy} <m(N(G)|,a,01) < |N(G).
Thus, we have

Il = > #{FCX:FuGeFlxuw}< Y ING)P
GeF|y GeFily

< Vi)l NG

GeFily

= Vn) (X IN@)D

yey yeG
Vu|Y|n = an®?.

IN

Consequently we have

|F| = |Fol + 1A < (14 a)n®?,
which completes the proof of Theorem 7. [
Theorem 8 If a > 4 then the IS of (3a,{0,1,a,a + 1})-system of rank 3 is 7y or I5.

Actually, this was our conjecture, but Fiiredi gave us a proof. The following proof is based
on his idea.



Proof of Theorem 8 For a = 4,5, we can verify this fact directly by computer search.
Let us assume a > 6. Let Z be an IS of (3a,{0,1,a,a + 1})-system of rank 3.

Lemma 4 If 1, € 7, |I1] = |I2| = a, then [y N I3 = 0.

Proof Assume, on the contrary, that I N Iy = {w}. Let Iy = {uy,...,uq—1,w} and I =
{v1,...,04—1,w}. For every i, 1 < i < a, we can find J; € Z such that {w;,v;} C J;,
a<|J;|<a+1. If |[{nJ;| =athen J; = [; U{wv;} and |Io N J;| = 2. This is a contradiction.
Thus [[; N J;| = |I; N J;] = 1 must hold. Define J! := J; — {u;,v;} C [3a] — (I; UI;). Then
a—2<|J/| <a—-1. Thus, |[J{UJ,UJ} > 3(a—2)—3 =3a—9. On the other hand,
|UJ! <3a—(2a—1)=a+ 1. Therefore, we have a+1 > 3a—9, i.e., a < 5, a contradiction.

Define 7' :={l €Z:|l|=a}, T :={J €Z:|J| =a+1}. By the above lemma, edges in
7’ are disjoint.

Case 1. 7' =0.

In this case, two edges in J meet at most one vertex. Since rank(Z) = 3, every pair (two
. . . . 3 +1

element set) in [3a] is covered (contained) by an edge in 7. Thus, we need at least (%) /(*3") >

4 edges in J. This implies |Jse s J| > 4(a+ 1) — () > 3a, a contradiction.

Case 2. 7' ={[,}.
Define J' := {J € J : I; ¢ J}. To cover all pairs in [3a] — I, we need at least (%)/(*t") > 3
edges in J'. Then [(Ujcs J) — I1| > 3a — 3 > 2a, a contradiction.

Case 3. I'={6L,L}.

Choose u,v € [3a] — ([; U I3), and J; € J containing both w and ». We may assume
|[[LnJy| =1, |I;nJy| < 1. Choose w € [} — Jy and J, € J containing both u and w. Then
|J10J2| = |IlﬂJ2| =1, |IQﬂJ2| < 1. ThllS, |IIUIQUJ1UJ2| > a—l—a—l—(a—l—l)—l—(a—l—l)—5 > 3a,
a contradiction.

Case 4. || = 3.
In this case, it is not difficult to check that Z = Z; or 7, and we leave this task to the reader.
This completes the proof of Theorem 8. [

Remark 1 For a = 3, there are (exactly) three ISs of (9,0134)-system of rank 3, i.e., 1,
75, and the Steiner system S(9,3,2). This Steiner system is a (9,013)-system of rank 3.
It is worth noting that a(9,0134) = 3 and this exponent can be achieved only if the IS is
5(9,3,2). This means that a family whose IS has the highest rank can not necessarily achieve
the (highest) exponent. Actually, an (n,9,0134)-system whose IS is T; or Ty has only O(n?®)
edges.

Construction 3 Let p be a prime. We will construct a (kp,k,01)-system L of size p*. L
will be k-partite with partition V4 U ---U Vi, V; = [(¢ — 1)p,ip — 1]. Define

L= (4, )+ 145 +20,....5+ (k— 1))

and set £ :={L% : j € Vi}, and £ := Uyc;, £°. (All calculations are performed module p.)
Then L' is a (k,{0})-system and L is a (k,01)-system. The sizes are |L'| = p, |£| = p*.



Construction 4 Choose a prime p between n/2k and n/k. Then we can construct an
(n,k,01)-system F of size ©®(n?) using Construction 3. Further, we can divide F as

F=FU---UF,
so that every F; is an (n,k,{0})-system of size ©(n).
Construction 5 Let us construct a (kn,k,01)-system F of size ©(n'5). F will be k-partite
with partition Vi U ---U Vg, |[Vyi| = -+ = |Vi| = n. For each i, divide V; = sznl V! where
Vi = - = V" = /i Define W/ .= U, Vi ((W9| = kym). Let 7 € () be a
(ky/n,k,01)-system of size ©(n). Finally define

F = f1U"'Uf\/E.

Then F is an (n,k,01)-system of size O(n'®). If F € F;, F' € Fj, i # j, then clearly F and
F" are disjoint.

Construction 6 Let us construct a (3an,3a,{0,1,a,a + 1})-system F such that |F| =

O(n?®) and IS(F) is generated by I; (see Theorem 7). Let [3an] = Vi U ---U Va,, |V1] =

o= Vo = n, [3a] = X UY UZ, [X|=|Y|=|Z] = a. For A C [3a] define A := ;4 Vi.
First we construct an (an,a,01)-system A on X using Construction 5. Then

A=A1U---UA 4
and each A; is an (a\/n,a,01)-system of size ©(n). Now we divide each A; as
A= Alu.-uAV”

using Construction 4. Thus each Af is an (ay/n,a,{0})-system of size O(y/n). Set Af =

{A(t,7,1),..., A4, j,cy/m)}. ) )
In the same way, we define (an,a,01)-systems B and C with vertex set Y and Z respec-
tively. Finally define

F = {A(i,7,) U B(j,h,m)U C(h,i, 1+ m): 1 < 4,5, h,l,m < cy/n}.

Construction 7 Let us construct a (3an,3a,{0,1,a,a + 1})-system F such that |F| =
©(n*%) and 1S(F) is generated by I (see Theorem 7). Let [3an] = Vi U ---U V3, |V4] =
o= Vo =0, [3a] = X UY UZ, [X|=|Y|=|Z] = a. For AC [3a] define A := ;4 V;.

Define A = U;fl A; on X as in Construction 6. Set A; = {A(i,1),..., A(i,en)}. Next
construct an (an,a,01)-system B on Y using Construction 4. Thus B = |J;Z; B; where B; is
an (an,a,{0})-system. Set B; = {B(i,1),...,B(i,en)}. On Z, we construct an (an,n,{0})-
system C = {Cy,...,C,}. Finally define

F ={ADUBGE,mM)UC iy : 1< i< i, 1 <l,m < cn}.
Theorems 7, 8, and Constructions 6, 7 imply the following.

Theorem 9 For a > 4, one has a(3a,{0,1,a,a + 1}) = 2.5.



3.2 a(12,013467) = 3.5

By computer search, we found that rank(12,013467) = 4 and there is a unique IS Z5 of rank
4. The generator set is

T5 = {(XW,aYW,2ZW,yZW,2Y Z, XY, X 2},
where XUY UZUW =[12], | X|=|Y|=|Z]=|W|=3,2YZ:={{z}UY UZ :2 € X} etc.

Theorem 10 Let a > 3 and F be (4an,4a,{0,1,a,a + 1,2a,2a + 1})-system. Let X UY U
ZUW =[4a], | X| = Y| =1|Z| = |W| = a. Suppose that IS(F) is generated by

T = {XW,aY W, 2 ZW,yZW,aY Z, XY, X Z}.

Then,
| F| = O(n™).

Proof We may assume that F is 4a-partite with partition [4an] = ViU---UVy,, V1| =--- =
|Via| = n. For A C [3a] define A := J;c4 Vi and Fla :={FNA:F¢cF}. For H CW define
FH):={F—-H:HCUFeZF} Cleatly, 7 = Uyer, F(H). Looking at the IS, we find
that any two edges in F|w are disjoint. Thus |[(F|w )| < n. Note also IS(F(H)) = I (see
Theorem 7), i.e., the IS of F(H) is generated by

{X,2Y,aZ,yZ}.
Using Theorem 7, we have |F(H)| < (1 + a)n?> for all H ¢ W. Therefore,

Fl=1 U FUE)| < U(FIw)IIFH)] < (1 +a)n®.
HeF|w

Construction 8 Let us construct a (4an,4a,{0,1,a,a + 1,2a,2a + 1})-system F such that
|F| = ©(n®5) and IS(F) is generated by I3 (see Theorem 10). Let [4an] = V4 U -+ U Vi,
Vil = = Vi =n, [4a) = X UY UZUW, |X|=1|Y|=|Z| = |W| =a. For A C [3d]
define A := Uica Vi

As in Construction 7, we define (an,a,01)-systems A = U;fl{A(z, 1),...,A(i,en)} on
X and B = UL, {B(,1),...,B(i,cn)} on Y. Next we construct (an,n,{0})-systems C =
{Cy,...,C}on Z and D = {Dy,...,D,} on W. Finally define

F:={A(, W UB(,j)UCUD, :1<i</n, h+j+1+m=0(modn)}.

3.3 a(12,01459) = 3

By computer search, we found that rank(12,01459) = 3 and there are three ISs 7;,Z; (defined
in Theorem 7) and Z4 of rank 3. 74 is generated by

IZ = {XYZO,XZl,XZQ,XZ3,Y21,YZQ7YZ37 Z}7

where X UY UZ =[12], | X|=|Y|=|Z] =4, Z = {z20,21, 22,23}, XY zo:= {XUY U{z}}
etc.



Construction 9 Let us construct a (3an,3a,{0,1,a,a + 1,2a + 1})-system F such that
| F| = ©(n®) and IS(F) is generated by

IZ = {XYZo,le,.. .,Xza_l,Yzl,.. .,YZa_l,Z},

where [3a] = XUY UZ, | X|=Y|=|Z|=a, Z ={20,-..,24-1}-

F will be 3a-partite with partition U;exuyuz Vi (IVi| = n). For A C [3d] define A :=
Usea Vi On X we construct an (an, a,{0})-system A = {Ay,...,A,}, and on Y we construct
an (an,a,{0})-system B = {By,...,B,}. Set Voo = {p1,....pn} = Z/nZ. On Uicz_., Vi
we construct an ((a — 1)n,a — 1,01)-system C = |Ji2, C; using Construction 4. Set C; =

{C(i,1),...,C(i,en)}. Finally define
F = {AiUB]‘U{pH_]‘}UC(i‘Fj,h) 1<,k < cn}.

3.4 (12,{0,1,3,4,6,7,10}) = 4

By computer search, we found that rank(12,{0,1,3,4,6,7,10}) = 4 and there are two ISs Z3
(defined in Theorem 10) and Z5 of rank 4. 75 is generated by

T2 = (XY Zwo, XY w1, XY wa, X Zwr, X Zws, Y Zwy, Y Zws, XW,Y W, ZW,
where X UY UZUW =[12], | X| = Y| = |Z] = [W| =3, W = {wp, wy, ws }.

Construction 10 Let us construct a (4an,4a,{0,1,a,a + 1,2a,2a + 1,3a + 1})-system F
such that |F| = ©(n*) and IS(F) is generated by

T ={XY Zwo, XY wi, ..., XY wa_1, X Zw1, ..., X Zwa_1,Y Zwr,Y Zwa_y, XW, YW, ZW},

where [4a) = XUY U ZUW, | X|=|Y|=|Z]=|W|=a, W ={wo,...,we_1}.
~ F will be 4a-partite with partition U;exuyuzow Vi (IVil = n). For A C [4a] define
A= Uiea Vie We construct (an, a,{0})-systems A = {Aq,..., A} on X, B={By,...,B,}

onY, and C = {Cq,...,C,} on Z. Set Vo = {p1,.-.,pn} = Z/nZ. On Uiew—fuwoy Vs
we construct an ((a — 1)n,a — 1,01)-system D = |JiZy D; using Construction 4. Set D; =
{D(i,1),...,D(i,en)}. Finally define

F={AU0UB;UCU{piy;j+JUDE+i+1,m):1<14,j5,[,m <en}.

3.5 «(10,0136) = 2.5
By computer search, we found that rank(10,0136) = 3 and there is a unique IS

:[6:{(;1) LA C[5),A £ 5]}

of rank 3. For i € [5], define I(i) :=={e:i¢g e€ ([g])}, e.g., I[(5) = {12,13,23,14,24,34} =
([;1]). Then Zg is generated by

Ts ={1(1).1(2).1(3). 1(4). I(5)}.
Theorem 11 Let F be (10n,10,0136)-system. Suppose that IS(F) = Zs, then

| F| = O(n*?).

10



Proof We may assume that F is 10-partite with partition [10n] = Uee([5]) Ve, |[Ve] = n. For
- - 2
A C [5] define A := USE(A) Veand F(A):={FNA:FeF}
2
Case 1. |F(A)| < n'? holds for some A € ([:5,)]).

Assume |F(123)] < n'5. By the IS, if {12,13,23,45} C J then J ¢ Zg. Thus |F| <
FRIF(5)] < Vi) = 0.

Case 2. |F(A)| > n' holds for all A € ([:5,)]).

In general,

Al _ P25
|F(1234)] — |F(123)]
holds (see [7] for a proof). In Zg, only I(5) contains both 12 and 34. Thus,
| F(1234)] < |F(12)]|F(34)] < [Vial[Vaa| = n®.
In the same way, we have |F(1235)] < n2. Therefore, | F|/n? < n?/n'?, that is | F| < n25. §

Construction 11 Let us construct an (n,10,0136)-system F such that |F| = ©(n?®) and
IS(F)=1Zs. Let G = K, be a complete graph on m vertices. The 10-uniform family F with

vertex set () is defined by
F = {(;1) tA € (V(E)G))}

Since F has n := (") vertices and ('}') edges, we obtain |F| = ©(n*?).

3.6 a(12,02358) = 2.5

By computer search, we found that rank(12,02358) = 3 and there is a unique IS Z7 of rank
3. Let Zg C 2019 he the generator set defined in section 3.5, then Zr C 212l is generated by

Iy ={Tu{11,12} : T € 7} }.
Theorem 12 Let F be (12n,12,02358)-system. Suppose that IS(F) = Z7, then
| F| = O(n*?).

Proof We may assume that F is 12-partite with partition [12n] = U!2, Vi, |Vi| = n. Let
Fo:={Fn(Ui, Vi) : F € F}. Note that if F' € Fy, G, H € V;;UViy, and FUG, FUH € F
then ¢ = H. This means |F| = |Fo|. Further, IS(Fy) = Zg implies | Fo| < n?® by Theorem 11.
|

3.7 a(10,0134) = 3

Construction 12 Let Fy be the set of 2-dimensional affine subspaces of a d-dimensional
vector space over GF(3), and let n = 3%, Then Fy is an (n,9,013)-system of size O(n?). It
is not hard to see that one can divide Fy as

fOIfIU"'Ufcnv
where each F; is an (n,9,03)-system. Now define
F = U{Fu{xz} (F e 7,
=1

where 1, ...,T., are new vertices. Then F is a ((1 + ¢)n,10,0134)-system of size ©(n>).

11



3.8 a(12,0134) = 3

Construction 13 Let Fy be the set of 2-dimensional affine subspaces of a d-dimensional
vector space over GF(3), and let n = 3%. Then Fy is an (n,9,013)-system of size ©(n?).
Divide Fy as

Fo=F1U---UF.,

where each F; is an (n,9,01)-system. Now define
F = {Fu{ziyiz}: FeFR},
=1
where @1, Y1, 21, - - s Ten» Yen» Zen are new vertices. Then F is a ((14 3¢)n,12,0134)-system of
size ©(n?).
3.9 «(11,012457) =4
By Reduction 11, one has
a(11,012457) < max{a(11,01245), a(7,01245) + a(4,0)}.

By Reduction 10, one has a(11,01245) < 4. (Actually, we can prove a(11,01245) < 3, but
we do not need this bound here.) On the other hand, by Reductions 6 and 5, it follows that

a(7,01245) < a(7,012456) < 3.
Finally, we have a(11,012457) < 4.

Construction 14 Let Fy be the set of 3-dimensional affine subspaces of a d-dimensional
vector space over GF(2), and let n = 2%. Then Fy is an (n,8,0124)-system of size @(n*).
Divide Fy as

Fo=F1U---UF.,

where each F; is an (n,8,124)-system. Now define
F = {Fu{ziyiz}: FeFR},
=1

where T1,Y1,21, - > Ten, Yen, Zen are new vertices. Then F is a ((14 3¢)n,11,012457)-system
of size ©(n*).

4 Tables of exponents

We found it convenient to present the exponents a(k, L) in rectangular arrays with the rows
indexed by subsets of [0, |k/2]] and the columns by subsets of [|k/2] +1,k—1] and the (A, B)
entry being a(k, AU B).

k=25

AN [N W
coooo

B R

NN
WERNPR
ANNP W
WERNPR
GWNN|[wh

12



© 0
O n

11121123
22222223
11221123
33333333

12231224
33333334
23242325

4546 4547

5555

01
0

12121223
22232223
22332234
34353436

012
0

3

3

23
0123

01

01

2
012

T 7T 7T 77777

6 6 6 6

6 6 6 6

1 2121223121222 34
222322232223223A4
2323242423232 432A4
3434343 434343243A4

1223122412232235
2223223422232 2335

2324243523242 43€6
4546 4547454645438

01

2
012

3
3

23

0123

01

8 88 8 88 88

7T 777

77 77

1112122311122 234

2222222322222234

121222231212223A4

3 333333333333334

2233233322332334
333334343333343414

2333233323332334

4 4 4 4 4 4 4 4 4 4 4 4 4 4 44
1213122412132 235

2323232423232335

12132324121323365

3334333433343335
2334233523342336
333434453334344¢6

343534363435342317

56575658565 75©62529

01

012

3
3

23

0123

01

4
4

4

4

34
34
234
01234

01

012

01

13



k=10

999 9999999999999

8 8 88 88 8 8

8 88 888 838

7T 777 7777 7777

7T 777

12121223122222341212122322223345
22232223222322342223222322233345
22222223222222342222222322223345
33343334333433343334333433343345
1212222312222 2341212222322223345
22253 22253 22253 333422253 222532 2253 3345
22222233222223342222223322223345
4 4 4 4 4 4 45 4 4 4 4 4 445 44444445 44444445

1223222412332335122322242233334°E¢6
2223333422333335222333342233334€6

334433443355 33553344334433553356
44 4 4 4 44 4445544554444 4444445654456
23342335233423362334233523343347

333433453334334633343345333433417

344534463455 345734453446345534538

56575658565 7565956575¢625856575°©6 510

01

012

3

01

23

0123

4
4

4

4

34
34
234
01234

01

012

01

k=11

10101010101010101010101010101010

999999 99

9 99 99 9 99

8 8 8 8

8 8 8 8 8 8 8 8

8 8 8 8

111211231122223411121123222233245
22222 223222222342222222322223345
112211232222223411221123222233245
33333333333333343333333333333345
112222231122 223411222223222233245
22222 223222233342222222322223345
2223222322232 2342223222322233345
4 4 4 4 4 4 4 4 4 4 4 4 44 444444444444 444445

112211231222223411221123222233245
22222233222222342222223322223345
1122112322332234112211232233332435
33333333333333443333333333333345

22222233222223342222223322223345
22223333222233342222333322223345
33333334333333343333333433333345
555555555555555555555555555%5552535
12232224123323351223222422333314°¢6
2323232423332335232323242333334°6€6
2223333422333335222333342233334E€6
3334333433343335333433343334334E€6
2233233422442 345223323342244334€6
334433443355 33553344334433553325€6

3333333433443 445333333343344344E¢6

23342335233423362334233523343347
23342335233423362334233523343347
23343335233433362334333523343347
3344334533443 3463344334533443347
3445 344634453447 3445344634453 448
344534463455 34573445344634553458
4546 4547454645 484546454745 4645409

6 76 867696 76867 6106768676 9676867611

01

012

01

23

0123

4
4

4

4

34
34
234
01234

01

012

01

5
5
5
5
5
5
5
5

45

01

012

01 3
23
0123

45

01

45

45
345
345

2345

012

01
0

012345

Let A C {6,8,9,10}. By computer search, we found that

rank(11,{0,1,2,3,5} U A) = 5.

14



The Steiner system S(11,5,4) is one of the ISs of rank 5. (Probably this is the unique one.)

, but we were not able to determine the exact

<5

(11,{0,1,2,3,5} U 4)

We know that 4 < «

exponent.

k=12

10101010101010101010101010101010

99999999

99999999

8 8 8 8

8 8 8 8 8 8 8 8

8 8 8 8

12121223121222341212232322233345
22232223222322342223232322233345
22222323222223342222232322233345
33343334333433343334333433343345
2323232324242 4342323232324243445
2323232324242 43423232323343431445
2323233324242 43423232333242431445
4 4 4 4 4 445 44444445 44444445 44444445
22223333222233342222343422233445
22233333222333342223343422233445
3434353534343535343436363434364€6
3434353534343535343436363434464€6
23233333242 434342323343424243445
3333533335343 4343433343434343523445

343435453434354534343646234343€64F¢6

5 5656

56 565

1223132412232335122323242223334E€6
2223233422232335222323342223334€6
2223232422232335223323342233334€6
3 3343334333433 45333433343334334€6
2323232424242 4352323233424243144€6
2323233424242 4352323333434343144€6
2 32325334242 4343523332533 43434344€6
4 4 4 4 4 445 44444445 44444445 44444456

5

23243435232 434362324343523343447

343435353434353634343636343436247
3434353534344514634343636343446147

343534363435 344734353436343534438
343534363435 4447343534363435441438
45464547 4546455845 464647 4546462529

6 76 8676 9676867 6106768676 9676867611

01

012

01 3
23
0123

4
4

4

4

34
34
234
01234

01

012

01

5
5
5
5
5
5
5
5

45

01

012

01 3
23
0123

451253254 3 4 35253254 4 4 46253254 3 4 35253 3 4 4 4 47

01

45

45
345
345

2345

012

01
0

012345

Let A C {7,8,9,10,11} and {7,8}, {8,10} ¢ A. By computer search, we found that

6.

rank(12,{0,1,2,3,4,6} U A)

The Steiner system S(12,6,5) is one of the ISs of rank 6. (Probably this is the unique one.)

, but we were unable to determine the exact

<6

(12,{0,1,2,3,4,6} U A)

We know that 5 < a

exponent.
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(continued)

k=12

1111111111111111121111111111111111111211121111111111111111111111111

10101010101010101010101010101010

99999999

99999999

8 8 8 8

8 8 8 8 8 8 8 8

8 8 8 8

1212122312122 234222223233333445€®6
2223222322232234222323233333445€6

2222232322222334222223233333445®6

3334333433343334333433343334445€6

2323232324242 434232323233434445€6

2323232324242 434232323233434445€6

2323233324242 434232323333434445€6

44 4 4 4 4454444444544 44444544444 456

2222333322223334222234343333445€6
2223333322233334222334343333445€6
343435353434353534343636343446°5°€6
34343535343435353434363634344625€6
2323333324243 434232334343434445€6
3333533335343 4343433343434343544586

34343545343435453434364634344625F©6

56 565 5 5656

122313241223233522232324333344517
222323342223233522232334333344517

222323242223233522332334333344517

333433343334334533343334333444517

2323232424242 4352323233434344457
2323233424242 4352323333434344457
2323253342 42434352 33325334343 44457
44 4 4 4 4454444444544 444445 44444457

23243435232 434362324343533344458

343435353434353634343636343446258

3434353534344514634343636343446258

343534363435 34473435343634354459
343534363435 4447343534363435445)9

4546454745 464558454646 47 454646510
6 76 86 76 967 686 7 61067638676 96761867612

01

012

01 3
23
0123

4
4

4

4

34

34
234
01234

01

012

01

5
5
5
5
5
5
5
5

45

01

012

01 3
23
0123

451253254 3 4 35253254 4 4 46253254 3 43533344458

01

45

45
345
345

2345

012

01
0

012345
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