COUNTING LATTICE PATHS VIA A NEW CYCLE LEMMA

TOMOKI NAKAMIGAWA* AND NORIHIDE TOKUSHIGE?

Abstract. Let a, 3, m,n be positive integers. Fix a line L : y = ax + 3, and a lattice point
Q = (m,n) on L. It is well known that the number of lattice paths from the origin to @ which
touches L only at @Q is given by
B (m + n)
m+n m '
We extend the above formula in various ways, in particular, we consider the case when a and (3
are arbitrary positive reals. The key ingredient of our proof is a new variant of the cycle lemma
originated from Dvoretzky—Motzkin [1] and Raney [8]. We also include a counting formula for lattice
paths lying under a cyclically shifting boundary, which generalizes a result due to Irving and Ratten

in [6], and a counting formula for lattice paths having given number of peaks, which contains the

Narayana number as a special casel.
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1. Introduction. Let o, be positive reals, and let m,n be positive integers.
Fix a line L : y = ax + 8, and a lattice point @ = (m,n) on L, i.e., n = am + 3. By
a walk (or a lattice path) we will mean a path in Z? with unit steps down and to the
left (i.e., steps (0,—1) and (—1,0), respectively). Let V be the set of walks from @
to the origin O. Clearly, we have [V| = (™*"). Let W C V be the set of walks which
touch the line L at @ only. It is well known (for example, see Exercise 5.3.5 (b) of [2])
that if both a and ( are integers, then

wi= L (. 1)

m+4+n m

In particular, if n =m +1 (o = 8 = 1), then |W| = ﬁ(%’;’) is the famous Catalan
number. We will extend the above formula in various ways.

For a walk w € V, we define the minimum y-distance d(w) as follows: if w touches
or crosses L after the first step, then let d(w) = 0, otherwise let d(w) be the minimum
of amg + 3 —ng, where (mg, ng) runs over all lattice points on w except Q). We notice
that 0(w) =0iff w e VAW, 50 Y cwd(w) =5, oy 6(w). If a and (3 are positive
integers, then )  y, 6(w) simply counts |[W| because 6(w) = 1 for all w € W. In this
sense Y, o 0(w) can be viewed as a weighted sum corresponding to the number of
walks.

For areal t > 0, let W, = {w € W : §(w) > ¢}. Then |W,| is a left-continuous
step function of ¢, and it follows from the definition that

1
/0 Wil = 3 6(w). (2)

weV
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Fic. 1. A line L and a lattice path.
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9 9 4 1 T 7T 4 1 5 5 3 1

23 14 5 1 19 12 5 1 14 9 4 1
Wl =23 Wy =19 We| =14

Fic. 2. The number of partial paths in Wy from Q.

One can count each |W;| by a recursion as in Figure 2. On the other hand, it is
somewhat surprising that the weighted sum (2) has a simple closed formula, as we
will soon see. Indeed one can get (2) almost effortlessly, without counting individual
[We.

EXAMPLE 1. Let Q = (m,n) be a lattice point on a line L : y = ax + (3, where
a=v2,=6-3vV2,m=3, andn=am+ (=6, see Figure 1. Then we have

23 if0<t<a,
19 ifa<t<b,
14 ifb<t<eg,
9 dfe<t<l,

[Wi| =

where a =3 —2v2,b=2—-+2, c=5—-3V2 (see Figure 2), and
1
/ W, |dt = 23a+ 19(b — a) + 14(c — b) +9(1 — ¢) = 56 — 28v/2.
0

On the other hand, we have

B (m+n) _M(z&—i—G) _ 56— 28V,

m-+n m 346 3
2



which verifies our main results, Theorem 1 and Corollary 1 stated below.
THEOREM 1. Let m,n be positive integers, and let «, 3 be positive reals with
n=am+ . Let V be the set of walks from (m,n) to the origin. Then, we have

>0 =)

weV

Apparently, Theorem 1 is a generalization of (1), and it can be equivalently stated
in the following integration form.
COROLLARY 1. Under the same assumptions as in Theorem 1, we have

1
/ |Wildt = L<m+n>.
0 m+n m

We notice that if o € (1/¢)N for some £ € N, then

1
1
/0 Wldt = 7 32 Wil

teT

where T'= {6(w) :w e W} ={1/£,2/¢,...,({ —1)/¢,1}. For the general case a € R,
the following interpretation would help to understand the LHS of the formula in the
corollary intuitively. If w € W, then the first step is a down step. Let @ be a walk
obtained from w by omitting this down step. Namely, w is a walk of m +n — 1 steps,
from @ — (0,1) = (m,n —1) to the origin. By translating @ to the direction (0, t), we
get a walk @ + (0,¢) from (m,n —141¢) to (0,¢). For 0 <t <1, we see that w € W,
if and only if @ + (0,¢) does not cross the line L. Thus we can think of W; as the set
of (m 4+ n — 1)-step walks, from (m,n — 1 +t) to (0,¢), which do not cross L.

In Section 2 we first show a new variant of the cycle lemma (Lemma 1) originated
from Dvoretzky-Motzkin [1] and Raney [8] (see also [4] chapter 7.5). Then we prove
Theorem 1 using the lemma. It turns out this simple looking lemma is rather strong.
For example, we can show a higher dimensional version of the theorem without any
extra effort. In Section 3 we apply the lemma to extend the theorem in two ways:
one is counting lattice paths lying under a cyclically shifting boundary (Theorem 2),
and the other is counting lattice paths having given number of peaks (Theorem 3).
As a special case (Corollary 2), we get the main result of [6] due to Irving and Ratten
with a much simpler proof.

Before closing the section, we remark that the formula (1) is proved and general-
ized in [3] by using the reflection method instead of the cycle method. Generalizations
of the formula (1) are also seen in [5].

2. Proofs. We start with a variant of the cycle lemma. Let z = (21, 22, . .., 2k)
be a sequence of reals. The i-th partial sum will mean z; + 29 + --- + 2;, where
1 < i < k. The case i = k is called the total sum. We define the weight 6(z) of z
as follows: if every partial sum of z is positive, then let 6(z) be the minimum partial
sum, otherwise let 6(z) = 0. Let 2 = (214, 2245, ..., 2k+;) denote the j-th shift of
z, where the indices are read modulo k.

For example, if z = (1,3, —1), then 2" = (3, —1,1) with partial sums {3,2,3}
etc., and we get 0(z(?) +60(21) 4+ 0(2(?) =1 4+ 2+ 0 = 3, which coincides with the
total sum of z. This is not just a coincidence but a consequence of the following new
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F1c. 3. Partial sums of a cyclically infinite sequence. The points of Y are shown by black dots.
There are four minimal points in Y .

cycle lemma.
LEMMA 1. Let z = (21,...,2k) be a sequence of reals with total sum s > 0. Then
we have

Z 0(z9)) = s.

0<j<k

Proof. We extend the sequence z cyclically to obtain the infinite sequence u =
(u1,us,...), where u; = z; for j =i mod k. Let s; = uy + - - - + u; be the i-th partial
sum of u, and plot (4, s;) for ¢ > 1 in the plane, see Figure 3. Let X = {(4,s;) : 4 > 1}.
For each ¢, the line passing (i, s;) and (i + k, ;1) has slope s/k. We get (at most) k
lines in this way, and let L be the line in the bottom. Note that all the points (7, s;)
are above the line L.

Define a partial order on X by (i, s;) > (J,s;) iff i < j and s; > s;. Geometrically,
a point z in this poset X is minimal iff X contains no point to the right and (weakly)
below from z. Now the crucial observation is as follows.

Cram 1. Leti > 1. A point (i,s;) € X is one of the minimal points iff partial
sums of 2" are all positive.

Proof. Let = (i,s;) € X. Suppose that some partial sum of 2" is non-positive.
Then there exists an integer j with ¢ < j such that w41 +usyo2+---4+u; =s5;—5; <0.
Hence, we have s; <'s;. Therefore, we have x > (j, s;), and z is not a minimal point
of X.

Conversely, suppose that x is not a minimal point. Then there exists a point
(4,s;) such that ¢ < j and s; > s;. Hence, we have a non-positive partial sum
Ui+1 +Ui+2 =+ .- —|—Uj of Z<l> 0

Choose a point (a, s,) on L. Note that both (a, s,) and (a + k, Sq+k) are minimal
points. We will look at the set of k + 1 points Y = {(4,5;) : a <i < a+ k}. Let t be

the number of minimal points of Y, and let {(a1, s4,), (a2, Say),- - -, (at, Sq,)} be the
minimal points, where a = a1 < as < -+ < a; = a+ k.
By the minimality, we have sq, < 8q,,,, and so sq; < 84, < -+ < 54,. Let

h > a;. If (h,sp) is minimal, then s, > sq,,,. If (h,s,) is not minimal, then there
is a minimal point (g,s,) with h < g and s, > s4 > s,,,,. Consequently, we have
4



min{sy, : h > a;} = Sq,,-
CLAIM 2. Fora <j<a+k, we have

o) = {0 5 ¢ {ar,as,... ar),
Sa;py —Sa; fJi=a;and1l <i<t.

Proof. If j & {ai,as,...,a;}, then we have 6(z) = 0 by Claim 1.

Let j = a; for some i with 1 < i < . Since 8(z%)) = min{s;, — s; : j < h}, it
suffices to show that sq,,, < s for all integers h with a; < h, which we have just
shown above. O

By Claim 2, we have

Z 6‘(2@) = Z 9(z<j>) = Z (Saisr = Sa;) = Sa, = Say = Sathk — Sa = 5.

0<j<k a<j<a+k 1<i<t

This completes the proof of Lemma 1. O

Proof of Theorem 1. For a walk w € V', let w; be the i-th step, which is one step
down or to the left. For each w € V', we assign a sequence seq(w) = (21, ..., Zm+n) €
R™*™ by z; = 1 if w; is a down step, and z; = —« if w; is a left step. Finally, set
0(w) = B(seq(w)).

CLAamM 3. §(w) = §(w).

Proof. Suppose that the first ¢ 4+ j steps of w consist of j down steps and i left
steps. Then after ¢ + j steps, we are at (m,n) —j(0,1) —i(1,0) = (m —i,n —j). The
y-distance from here to the line L: y=azx+fisa(m—i)+—-(n—j)=1-j—a-i,
where we used am + 3 —n = 0. This y-distance coincides with the (i + j)-th partial
sum of seq(w). So, (w) is the minimum y-distance, and the desired result follows. O

By Claim 3, we have

> o(w) =Y O(w).

weV weV

For w = (w1,...,Wmin) €V and 0 < j < m +n, let w9 = (witj, .., Wininii),
where indices are read modulo m + n. Then, seq(w®’) = (seq(w))"). Notice that
w9 € V and (w(=)%) = w. Thus each walk w € V appears m + n times in a
multiset {w) :w €V, 0 <j < m+n} of cardinality |V|(m + n). This gives

1 .
= - (4)
IS DI )
weV weV 0<j<m+n
For w € V, the total sum of seq(w) is n — am = 8. Thus, by Lemma 1, we have

1 Gy — p___~5
Zm—i—n Z a(wj)_zm+n_m+n|v|’

weV 0<j<m+n weV

which finishes the proof of Theorem 1. O

The proof can be extended verbatim to higher dimensions. Namely, fix a hy-
perplane L : x4 = aq1z1 + qoxs + -+ + ag_1zq—1 + 3 in R?, and a lattice point
Q = (m1,...,mq) € N on L, and consider lattice paths in Z¢ with unit steps of d
types

e1=(-1,0,...,0),e3 = (0,—1,0,...,0),...,eq = (0,...,0,—1).
5



Let V be the set of walks from @ to the origin. Then, we have |V| = %
Let W C V be the set of walks which touch the hyperplane L at @ only. For a lattice
point P = (m},...,m}) below L, let d(P) be axym} +---+aq—1m},_;+ 0 —m/, which
is called the z4-distance from P to L. For a walk w € V, we define the minimum
zq-distance d(w) as follows: if w touches or crosses L after the first step, then let

d(w) = 0, otherwise let é(w) be the minimum of d(P), where P runs over lattice

points on w except Q). For a walk w = (w1, ws, ..., Wn,4...4m,) € V, where w; is
the i-th step of w, let us assign seq(w) = (21, .., Zmy+-4my) t0 w, where z; = 1 if
w; = eq, and z; = —oy if w; = e; with j # d. If P is a lattice point which is s steps

away from @ along the walk w, then we have d(P) = 21 + - - - + z; because by a unit
step e; of w, the z4-distance increases by 1 for j = d, and decreases by o for j # d.
Hence, we have d(w) = 6(seq(w)). Since seq(w) has a total sum 3 for all w € V, in
the same manner as in the proof of Theorem 1, we have

1
> o(w) :/ |W,|dt = Lm.

weWw
3. Applications. We extend Theorem 1 in two ways.

3.1. Lattice paths lying under a cyclically shifting boundary. We will
count the number of lattice paths lying under a cyclically shifting piecewise lin-
ear boundary of varying slope. Let @ = (m,n) € N2 be a lattice point, and let
Qa1,Q2,. .., 0,3 be reals with n = a1 +ag + -+ ay + 6. Let Qo = (0,58),Q1 =
(LB + am),Q2 = (2,8 + am + am-1),..., Qi = (4,6 + 20§j<i Olmfj) = (i,n —
a1 — = Qmei)y -y Qm = Q. For a = (a1,...,ay), a boundary da consists of line
segments connecting Qo, Q1, - .., Qm—1,@m in this order.

Fix a lattice point P = (m—m’,n—n’) € N? below da, that is, the y-coordinate of
P is at most that of Q,—m. Let V'’ be the set of walks from Q to P, so |V'| = (m;:,"/)
For a walk w = (w1, ..., W 4n) € V', let us define the minimum y-distance of w with
respect to da, denoted by §(w, da), in the same manner as in Section 1: if w touches
or crosses Ja after the first step, then §(w, da) = 0, otherwise §(w, da) is the minimum
of the difference between @, and (mg,no), where (mg,ng) runs over lattice points
on w with (mg, ng) # Q. Also, for each w € V', we assign the corresponding sequence
seq(w, 0a) = (21, .+, Zm/4n’) as follows: if w; is a down step, then let z; = 1; if w; is
the j-th left step, then let z; = —«;. Finally, we define the weight of w with respect
to da by 0(w, da) = O(seq(w, da)). (See the definition of  before Lemma 1.) Recall
that a(t) = (@144, @244, - - -, m4t) Where the indices are read modulo m. Similarly to
Claim 3, we have

O(w,daM) = §(w, alt)) (3)

forallw e V' and 0 <t < m.
EXAMPLE 2. Letm=m' =4, n=n'=5,a = (2,-v2,3,0) and B = 2. In
this case, (5(w78a<t>) is one of 0, di =v2—1,dy =1, d3 = V2 for 0 < t < 4 and for
6



1 1
1 21 2 1
1 3 1 3 1
1 11 4 1 4 4 4 1
3 2 1 222212 5 1 139 51
6 6 6 3 1 62 40 18 6 1 282815 6 1
no(dz) =6 ny(dy) = 62 ny(ds) = 28
11 11
21 21
31 31
1010 7 4 1 107 4 1
0 322212 5 1 222212 5 1
na(dy) =0 ns(dy) = 32 nz(dg) = 22
FIic. 5. ni(s) = #{w € V' : §(w, da{?) > s}.
w € V'. (See Figure 4 and Figure 5.) Then we have
> 6(w,9a) = (12 = 6)d; + 6dz = 62,
weV’
> 6(w,0a') = (62 — 28)dy + (28 — 6)da + 6ds = 40V2 — 12,
weV’
Z §(w,da?) =0,
weV’
> 6w, 0a®) = (32 — 22)dy + 22dy = 10V2 + 12.
weV’

Hence, we have

33 5w, 0a) = 562 = 4'5—(5—\/5)4<4+5)’

0<t<4 weV’ 445 4




which verifies Theorem 2.

THEOREM 2. Let m,n be positive integers and let aq,...,qm,3 be (possibly
negative) reals with n = aq +ag+- - -+am+0. Fiz a lattice point P = (m—m/,n—n’) €
N? below Oa, where a = (aq,...,am), and let V' be the set of walks from (m,n) to

P. If P is below 8a'? for all 0 < t < m, then we have

mn' — (n—B)m’ (m’ +n’
Z Z 5(w’ 6a<t>) - m' +n’ ( m/ )

0<t<m weV’

It is worth noting that the RHS of the above formula is independent of the

decomposition of @ = (aq,...,ay), and it depends only on the sum a3 + -+ 4+ .
We can deduce Theorem 1 from Theorem 2 by setting o = a; = -+ = i, m' = m,
and n’ = n.

Proof. Let 0 <t < m and w € V'. Recall that w') € V' is a cyclic shift (modulo
m’ +n') of w starting from (j + 1)-th step. Since w consists of n’ down steps and m/’
left steps, the total sum of seq(w, da‘®) is n' — (a14¢+ - -+ Qmry¢), where the indices
are read modulo m. Thus, by (3) and Lemma 1, we have

Z S(w' 9aft)) = Z O(w'?,0a) = n' — (144 + -+ Qryt)-
0<j<m’+n’ 0o<j<m/+n’
Using
S it ot = Y aw= X (-8 =min-5),
0<t<m 1<i<m/ 0<t<m 1<i<m/
we have
S 5,00 = 3 (0 — (@it amere)) = mal = (n— B
0<t<m 0<j<m’+n’ 0<t<m

Since each walk w € V' appears m’ 4+ n/ times in a multiset {w : w e V', 0<j <
m’ +n'}, we have

(m' +n/) > 6w,da) =" > 5w, 0a").
weV’ weV’ 0<j<m’+n’

Therefore, we have

(m' +n) Y Y dw,0a)y =" > s, 0atM)

0<t<m wev’ wEV! 0<t<m 0<5<m’ +n/
= Y (mn' = (n=B)m’) = (mn' — (n— B)ym")|V"'|,
weV’

which completes the proof of Theorem 2. O

Next we consider the case when aq, ag, . .., auy,, 8 are (possibly negative) integers.
For an integer ¢, 0 < t < m, let U; be the set of walks in V'’ which touch the shifted
boundary daft) at Q only. By definition, we have d(w,da't!) = 1 if w € Uy, and
§(w,0a’t) = 0 otherwise. This gives |Us| = 3 §(w,0af?). Then Theorem 2
implies the following.

COROLLARY 2. Under the same assumptions as in Theorem 2, if aq,...,0m, 3
are (possibly negative) integers, then we have

mn' — (n— B)m’ (m’ +n’
Z |Ui| = ; ; / :
m' +n m

0<t<m

weV’
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We get the main result of Irving—Rattan, Theorem 1 of [6], from Corollary 2 by
setting our parameters (m,n,m’,n’,3) to (m,n 4+ 1,£,k 4+ 1,1). (They proved the
case that 8 = 1 and aq,...,a,, are all non-negative.) For comparison, we remark
that the roles of z-axis and y-axis in Corollary 1 are the opposite of those in their
result, and our condition “P is below da® for all t” is equivalent to their condition
“t' = (k +1,0) lies weakly to the right of da'?) for all j.”

3.2. Walks having k peaks. We give a refinement of Theorem 1, cf. Theorem 8
of [6]. Let «, B be positive reals, and let m, n be positive integers. Fix a line
L:y = ax+ f, and a lattice point @ = (m,n) on L. We use the notation V, W,
d(w) for w € V, as the same meaning as in Section 1. For a walk w € V, a down
step followed by a left step in w is called a peak of w, and a left step followed by a
down step in w is called a valley of w. For example, a walk described in Figure 1 has
three peaks and two valleys. Let V (k) (resp. W(k)) be the set of walks w € V' (resp.
w € W) having k peaks for a non-negative integer k.

In the case « is a positive integer and 8 = 1, the following result is given as
Theorem 3.4.3 of [7] (see also Theorem 7 of [3]).

THEOREM 3. Let m,n be positive integers, and let «, 3 be positive reals with
n=am+ . Let V be the set of walks from (m,n) to the origin. Then, we have

B (m-—-1\(n-1
2 =5y o)
weV (k)
Ifn=m+1 (a=p0=1), then the RHS becomes % (’g) (k'fl), which is called the
Narayana number, for example, see Exercise 6.36 of [9]. We notice that Theorem 1 is
derived from Theorem 3. Indeed, by taking sum over k > 1, we have

S ow)=>" Y w)
)

wev k>1 weV(k

B B(m—-1\[n-1\ B (m\ (n-—1
_; E<k—1><k—1) _; E<k)<n—k>
B (m+n-1\ m+n
B E< n ) Com+ n< m )
For a non-negative integer s, the subset of integers {1,2,...,s} is denoted by [1, s].
For a set X, the family of all k-element subsets of X is denoted by ()k()
Proof of Theorem 3. Let U(k) C V (k) be the set of walks in which the first step
[m—1]

is a down step and the last step is a left step. For {z1,...,zx_1} € ("} 7)) (21 <

o< xpoq < ap:=m) and {y1,...,Yk-1} € ([Z:I]) (Yo :=0<y1 <+ < Yp—1), We

can associate a path w € U(k) with peaks at (z;,y;,—1) (1 <i < k). This gives

m—1\[/n—-1
For all w € V, the total sum of seq(w) is n—am = . Thus, by Claim 3 and Lemma 1,
we have 3 o0, S(wih) = 2 0<j<min O(w')) = . Hence, we have

YooY swhy =plUk).

weU(k) 0<j<m+n
9




For a walk v € U(k) and for 0 < j < m + n, we notice that if §(u’) > 0 then
u!7) also has exactly k peaks, because u7) starts with a down step. Thus we have
§(ut) > 0 iff u? € W (k). On the other hand, for a given walk w € W (k), there
exist exactly k pairs (u,j) with « € U(k), 0 < j < m + n such that w = u’. In
fact, if w € W (k) N U(k), then w has exactly k — 1 valleys from which we get walks
u € U(k) with w = u® for some j; if w € W (k) \ U(k), then w has exactly k valleys
from which we get walks satisfying the same property. Therefore, we have

k Swy=k Y Swy= Y > su)=pUk),

weV (k) weW (k) weU (k) 0<j<m+n

as desired. O
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