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- References and Software for SDP
- Applications of SDP for intersecting families
— Atoy problem (independence number of the Petersen graph)

— Wilson’s proof of Erd6s-Ko—Rado Theorem
— Recent results on cross intersecting families
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Applications of SDP/LP for some concrete problems
- Wagner, Adam Zsolt. Refuting conjectures in extremal
combinatorics via linear programming. JCTA (2020)
- Schrijver, Alexander. New code upper bounds from the
Terwilliger algebra and semidefinite programming. IEEE (2005)

- HBAA). Terwilliger RENCE S K FE DOFIEEEEHHEBER.
RIS > (2006)

- Bansal, Nikhil. Constructive algorithms for discrepancy
minimization. FOCS (2010)
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Semidefinite programming
-+ M. ). Todd.
Semidefinite optimization.
Acta Numer. 10 (2001) 515-560.
- B. Gartner, ). Matousek.
Approximation algorithms and semidefinite programming.
Springer, 2012. xii+251 pp.

Intersecting families / Association Schemes
- Godsil-Meagher. Erd6s-Ko-Rado theorems: algebraic
approaches. Cambridge Stud. Adv. Math., 2016.
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SDP solver
- SDPA on NEQOS server

SOLVERXRS

NEOS Interfaces to SDPA

Sample Submissions
WWW Form - XML-RPC

- SDPA Offiv /5 (How to start using SDPA)
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An example
- Consider the following primary program:

minimize «

. = = 3.0 X1 X 2 Z
subjectto S:=—|® | y o4 Tf 4 [T 72 |71 22
6 16 0 ; X2 0 Z; 73

S>0, 2z,z,z3>0.

- true value for mina is ;.
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Applications of SDP to intersecting families

- [n1={1,2,...,n}.

« (") = {F c [n] : |F| = k}. (the set of k-element subsets)
- F c () is intersecting if FNF' # @ for all F, F' € F.

- F c (W) is t-intersecting if |F N F'| > t for all F,F' € F.

What is the maximum size of a t-intersecting family F c ([gl) ?

- The answer is known. The complete intersection theorem by
Ahlswede and Khachatrian (1995).

- Wilson (1983) proved one of the main cases by solving an SDP.
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Cross t-intersecting families
- Let F,g c ().
- F and G are cross t-intersecting if [FN G| > tfor VF € F,G € G.
- What is max | F||G| ?

Theorem (Zhang-Wu arXiv:2410.22792)
letn > ({t+1)(R—t+1),t>3.
Under above conditions we have |F||G| < (Z:f)z.

We settled the case t = 2 by solving an SDP problem.

Theorem. The above result is also true for t = 2.
The case t = 1 was settled by Pyber (1986), T (2013).
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A toy problem

A family F is intersecting if FNF' # @ for all F,F’ € F.

What is the maximum size of an intersecting family 7 c (&) ?

- (Bl) = {12,13,14,15, 23, 24, 25,34, 35, 45}. (I write 12 for {1,2}.)
- examples of intersecting families in (&):

{12,13,23} ‘/_\. {12,13, 14, 15} ><
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What is the maximum size of an intersecting family 7 c (Bl) ?

34

- Kneser graph G = G(5, 2)
-v(©) = ()

s X~y xNny#0. "

14 23

25 15
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What is the maximum size of an intersecting family 7 c (Bl) ?

34
- U Cc V(G) is independent if no
edges inside U.
- indep(G) := 2 1
max{|U| : U is independent}.
- max |F| = indep(G) > 4. "

14 23
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What is indep(G) ?

fx~y,
ifxy.

(

- adjacency matrix A of G: (A)xy

- For G = G(5,2),

] 1
T OOT—OO0O000o

TO—OOT—0O00O0
—OO™OO—0OO0O
O OO0O0OO«—0OO
O—O™—OO0O00O«™O
OO OOO0O0O0O
OOO0OO™r—Ov—0OO
OCOO0OT™Ov™O—™—O
OCOO0OOFTvT—OOv

OCOO0O0O0OOT™r—t
L ]

l
A

- eigenvalues are 3,1, —2.
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positive semidefinite matrix

- Let M be an n x n real symmetric matrix.

- M is positive semidefinite if x’Mx > 0 for all x € R".

- We write M = 0 if M is positive semidefinite.

- M > 0 iff all eigenvalues are non-negative.

- For two matrices A, B, let Ao B =3, (A)xy (B)xy-
ex. [¢b] e [}%] =ax+2by+cz

- X"Mx =M o (xxT).

- If M = 0then Me (xx") > 0.
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Bounding indep(G)

- Let U c V(G) be an independent set in G.
- Let u € {0,1}" be the indicator (column) vector of U, that is,

() = 1 ifxeU,
T 0 if not.

- Let X =uu". Then (X)x, =0 ifx ~y.
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Bounding indep(G)

- Let U C V(G) be an independent set in G.

- Let u be the indicator of U, and let X = uu'.

- Let A be the adjacency matrix of the Kneser graph G = G(5, 2).
- leX =|U|.

- Je X =|U]A

- Ae X =0, that is, (A)xy (X)xy = 0 for all x, .

. LetS:=al—J+ BA Then SeX = a|U| — |U]

- IfS>0thenSeX >0,s0|U| <aq,ie, indep(G) < a.
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What is indep(G) ?

- LetS:=al—J+ BA.

- If S > 0, then indep(G) < a.

- For G=G(5,2), letS=4l— ]+ 2A. Then S > 0.
- That is, indep(G) < 4. (So, indep(G) = 4)

An SDP problem for indep(G(5, 2))
minimize «
subjectto S:=al—J+ BA > 0. (variables are ¢, 5.)

- A feasible solution « satisfies indep(G) < .
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Extending adjacency matrix

- To bound indep(G) we used Ae X = 0.

- For this, we didn't use (A)xy =1ifx ~ .

- This means that if x ~ y, then (A)x, is not necessarily 1.
- Redefine an “adjacency matrix” by

(A)ey = {0 ifx Ly,

x If not,

where x is any number (provided A is symmetric).
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Bounding the size of t-intersecting families in (7))

- F c (W) is t-intersecting if |F N F'| > t for all F,F' € F.
- F={Fe (1) : [t] c F} is t-intersecting, and |F| = (}-0).
- What is the maximum size of t-intersecting families F c (1) ?
- Kneser graph G = G(n,k,t): V(G) = (), x~y < xny| < t.
- What is indep(G) ? By construction, indep(G) > (7—7).
- (An SDP problem) minimize o
subjectto S:=al —J+A > 0, where (A)xy =0 ifx % y.
- A feasible solution « satisfies indep(G) < a.
+ Wilson found an S = 0 with a = (;_}) if n is not too small.
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- letn>(t+1)(R—t+1).
- Wilson found an A satisfying (A)xy = 0 for [xNy| >t and

n—t
S= (k_t)l—]+A§O.

> ifxny| =0,
+ ex. Wilson's matrix for G(8,3,2): (A)xy = {2 if xny| =1,
0 iflxny|>2.
- This implies that indep(G) < (;-7), so indep(G) = (7~1).
Theorem. Letn > (t+1)(R -t +1).
If F c (W) is t-intersecting, then |F| < (170).
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Cross 2-intersecting families

- F and G are cross 2-intersecting if [F N G| > 2 for
VFe F,Geg.

- If F=¢={Fe (M) :{1,2} c F}, then they are cross
2-intersecting, and | F| = |G| = (;23).

We got the following result by solving an SDP problem.
Theorem. Let F,G c () and n > 3(k —1).

If F and G are cross 2-intersecting, then |F||G| < (2:3)2
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SDP for Cross 2-intersecting families

- (Suda-Tanaka 2014) minimize «, subject to

1 —
S:= lal ]+A—Z§0, Z>0, (A)xy=0for|xny|=>2.

2 -] al

- (%) A feasible solution « satisfies |F||G| < o2
- If n > 3(k—1),then we can find Aand Z > 0 so that S > 0 with

n-—2
0= (k—z)'
- What is this Z anyway?
(talk at RIMS, Kyoto University, 6th March)

21/23



Bipartite Kneser graph

]
X xemgx | F| |\ x~yekny <

=il i ]
(M| [e] ¥ /

R
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Conjecture
Let k > L and n > 3(k — 1). Suppose that F c () and g c ()

are cross 2-intersecting. Then |F|G| < (723) (7=3).

Problems

- families of subspaces in a vector space

- families of permutations

- other structures, e.g, partitions, perfect matching, etc.
- See also Godsil-Meagher (Chapter 16, Open problems).
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