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Software
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An example
• Consider the following primary program:

minimize α

subject to S := −

[
9
16

3
16

3
16

1
16

]
+ α

[
3
4 0
0 1

4

]
+

[
x1 x2
x2 0

]
−

[
z1 z2
z2 z3

]
,

S � 0, z1, z2, z3 ≥ 0.

• true value for minα is 1
4 .
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6
2
(2,-3)
{1,0,0,0,0,0}
0 1 1 1 0.5625
0 1 1 2 0.1875
0 1 2 2 0.0625
1 1 1 1 0.75
1 1 2 2 0.25
2 1 1 1 1
3 1 1 2 1
4 1 1 1 -1
4 2 1 1 1
5 1 1 2 -1
5 2 2 2 1
6 1 2 2 -1
6 2 3 3 1

phase.value = dFEAS
Iteration = 35

mu = 6.4453585130804993e-18
relative gap = 1.3840612359273038e-17

gap = 3.2226792565402498e-17
digits = 1.6256784703351158e+01

objValPrimal = 2.5000000000000000e-01
objValDual = 2.5000000000000000e-01
p.feas.error = 4.3368086899420177e-19
d.feas.error = 3.3787568866817071e-31
relative eps = 4.9303806576313200e-32
total time = 0.000
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Applications of SDP to intersecting families
• [n] = {1, 2, . . . ,n}.
•
(
[n]
k
)
= {F ⊂ [n] : |F| = k}. (the set of k-element subsets)

• F ⊂
(
[n]
k
)
is intersecting if F ∩ F′ 6= ∅ for all F, F′ ∈ F .

• F ⊂
(
[n]
k
)
is t-intersecting if |F ∩ F′| ≥ t for all F, F′ ∈ F .

What is the maximum size of a t-intersecting family F ⊂
(
[n]
k
)
?

• The answer is known. The complete intersection theorem by
Ahlswede and Khachatrian (1995).

• Wilson (1983) proved one of the main cases by solving an SDP.
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Cross t-intersecting families
• Let F ,G ⊂

(
[n]
k
)
.

• F and G are cross t-intersecting if |F ∩G| ≥ t for ∀F ∈ F ,G ∈ G.
• What is max |F||G| ?

Theorem (Zhang–Wu arXiv:2410.22792)
Let n ≥ (t + 1)(k− t + 1), t ≥ 3.
Under above conditions we have |F||G| ≤

(n−t
k−t

)2.
We settled the case t = 2 by solving an SDP problem.

Theorem. The above result is also true for t = 2.
The case t = 1 was settled by Pyber (1986), T (2013).
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A toy problem

A family F is intersecting if F ∩ F′ 6= ∅ for all F, F′ ∈ F .

What is the maximum size of an intersecting family F ⊂
(
[5]
2
)
?

•
(
[5]
2
)
= {12, 13, 14, 15, 23, 24, 25, 34, 35, 45}. (I write 12 for {1, 2}.)

• examples of intersecting families in
(
[5]
2
)
:

{12, 13, 23}
•

• •

1

2 3
{12, 13, 14, 15}

•

• •

•
•1

2

3 4

5

9/23



What is the maximum size of an intersecting family F ⊂
(
[5]
2
)
?

• Kneser graph G = G(5, 2)
• V(G) =

(
[5]
2
)

• x ∼ y ⇐⇒ x ∩ y 6= ∅.

•

•

• •

•
•

•

• •

•

34

25

14 23

15
12

13

35 45

24
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What is the maximum size of an intersecting family F ⊂
(
[5]
2
)
?

• U ⊂ V(G) is independent if no
edges inside U.

• indep(G) :=
max{|U| : U is independent}.

• max |F| = indep(G) ≥ 4.

•

•

• •

•
•

•

• •

•

34

25

14 23

15
12

13

35 45

24
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What is indep(G) ?

• adjacency matrix A of G: (A)x,y =
{
1 if x ∼ y,
0 if x 6∼ y.

• For G = G(5, 2),

A =


0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 1 1 0 0 1
0 0 0 0 1 0 1 0 1 0
0 0 0 0 1 1 0 1 0 0
0 0 1 1 0 0 0 0 0 1
0 1 0 1 0 0 0 0 1 0
0 1 1 0 0 0 0 1 0 0
1 0 0 1 0 0 1 0 0 0
1 0 1 0 0 1 0 0 0 0
1 1 0 0 1 0 0 0 0 0


• eigenvalues are 3, 1,−2.
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positive semidefinite matrix

• Let M be an n× n real symmetric matrix.
• M is positive semidefinite if xTMx ≥ 0 for all x ∈ Rn.
• We write M � 0 if M is positive semidefinite.
• M � 0 iff all eigenvalues are non-negative.
• For two matrices A,B, let A • B =

∑
x,y(A)x,y (B)x,y .

ex.
[
a b
b c

]
•
[ x y
y z

]
= ax + 2by + cz.

• xTMx = M • (xxT).
• If M � 0 then M • (xxT) ≥ 0.
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Bounding indep(G)

• Let U ⊂ V(G) be an independent set in G.
• Let u ∈ {0, 1}10 be the indicator (column) vector of U, that is,

(u)x =
{
1 if x ∈ U,
0 if not.

• Let X = uuT. Then (X)x,y = 0 if x ∼ y.
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Bounding indep(G)

• Let U ⊂ V(G) be an independent set in G.
• Let u be the indicator of U, and let X = uuT.
• Let A be the adjacency matrix of the Kneser graph G = G(5, 2).
• I • X = |U|.
• J • X = |U|2.
• A • X = 0, that is, (A)x,y (X)x,y = 0 for all x, y.
• Let S := α I− J+ β A. Then S • X = α|U| − |U|2.
• If S � 0 then S • X ≥ 0, so |U| ≤ α, i.e., indep(G) ≤ α.
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What is indep(G) ?

• Let S := α I− J+ β A.
• If S � 0, then indep(G) ≤ α.
• For G = G(5, 2), let S = 4I− J+ 2A. Then S � 0.
• That is, indep(G) ≤ 4. (So, indep(G) = 4)

An SDP problem for indep(G(5, 2))
minimize α

subject to S := α I− J+ β A � 0. (variables are α, β.)

• A feasible solution α satisfies indep(G) ≤ α.
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Extending adjacency matrix

• To bound indep(G) we used A • X = 0.
• For this, we didn’t use (A)x,y = 1 if x ∼ y.
• This means that if x ∼ y, then (A)x,y is not necessarily 1.
• Redefine an “adjacency matrix” by

(A)x,y =
{
0 if x 6∼ y,
∗ if not,

where ∗ is any number (provided A is symmetric).
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Bounding the size of t-intersecting families in
(
[n]
k
)

• F ⊂
(
[n]
k
)
is t-intersecting if |F ∩ F′| ≥ t for all F, F′ ∈ F .

• F = {F ∈
(
[n]
k
)
: [t] ⊂ F} is t-intersecting, and |F| =

(n−t
k−t

)
.

• What is the maximum size of t-intersecting families F ⊂
(
[n]
k
)
?

• Kneser graph G = G(n, k, t): V(G) =
(
[n]
k
)
, x ∼ y ⇐⇒ |x ∩ y| < t.

• What is indep(G) ? By construction, indep(G) ≥
(n−t
k−t

)
.

• (An SDP problem) minimize α

subject to S := αI− J+ A � 0, where (A)x,y = 0 if x 6∼ y.
• A feasible solution α satisfies indep(G) ≤ α.
• Wilson found an S � 0 with α =

(n−t
k−t

)
if n is not too small.
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• Let n ≥ (t + 1)(k− t + 1).
• Wilson found an A satisfying (A)x,y = 0 for |x ∩ y| ≥ t and

S =

(
n− t
k− t

)
I− J+ A � 0.

• ex. Wilson’s matrix for G(8, 3, 2): (A)x,y =


1
2 if |x ∩ y| = 0,
3
2 if |x ∩ y| = 1,
0 if |x ∩ y| ≥ 2.

• This implies that indep(G) ≤
(n−t
k−t

)
, so indep(G) =

(n−t
k−t

)
.

Theorem. Let n ≥ (t + 1)(k− t + 1).
If F ⊂

(
[n]
k
)
is t-intersecting, then |F| ≤

(n−t
k−t

)
.
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Cross 2-intersecting families

• F and G are cross 2-intersecting if |F ∩ G| ≥ 2 for
∀F ∈ F ,G ∈ G.

• If F = G = {F ∈
(
[n]
k
)
: {1, 2} ⊂ F}, then they are cross

2-intersecting, and |F| = |G| =
(n−2
k−2

)
.

We got the following result by solving an SDP problem.

Theorem. Let F ,G ⊂
(
[n]
k
)
and n ≥ 3(k− 1).

If F and G are cross 2-intersecting, then |F||G| ≤
(n−2
k−2

)2.
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SDP for Cross 2-intersecting families

• (Suda–Tanaka 2014) minimize α, subject to

S :=
1
2

[
α I −J
−J α I

]
+A−Z � 0, Z ≥ 0, (A)x,y = 0 for |x∩y| ≥ 2.

• (?) A feasible solution α satisfies |F||G| ≤ α2.
• If n ≥ 3(k− 1), then we can find A and Z ≥ 0 so that S � 0 with
α =

(n−2
k−2

)
.

• What is this Z anyway?

(talk at RIMS, Kyoto University, 6th March)
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Bipartite Kneser graph

•y

•x•x′

G

F

(
[n]
k

)

(
[n]
k

)
x ∼ y ⇔ |x ∩ y| ≤ 1

A =

[
0 ∗
∗ 0

]
Z =

[
∗ 0
0 ∗

]
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Conjecture
Let k ≥ l and n ≥ 3(k− 1). Suppose that F ⊂

(
[n]
k
)
and G ⊂

(
[n]
l
)

are cross 2-intersecting. Then |F||G| ≤
(n−2
k−2

)(n−2
l−2

)
.

Problems
• families of subspaces in a vector space
• families of permutations
• other structures, e.g., partitions, perfect matching, etc.
• See also Godsil–Meagher (Chapter 16, Open problems).
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