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Abstract

Let K(X,Y) denote the bipartite framework in the plane that realizes the complete bipartite
graph K, , with partite sets X, Y; |X| = m,|Y| = n. We show that for m>3,n>5, K(X,Y) admits
a continuous deformation if and only if X lies on a line / and Y lies on a line perpendicular
to /. (© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

A framework in the plane is a graph whose vertices are points in the plane and
whose edges are line segments connecting two vertices. By a motion of a framework
G in the plane, we mean a continuous movement of the vertices of G in the plane that
preserves the length of every edge. If a motion of G changes the distance between a
pair of nonadjacent vertices, then the motion is called a continuous deformation (or
simply a deformation) of G. A framework in the plane is called flexible if it admits
a deformation, otherwise, it is called rigid. It is known that if a framework admits a
‘continuous’ deformation, then it admits a ‘smooth’ deformation, see [1]. So, we may
consider only ‘smooth’ deformations.

Throughout this paper, X, Y denote two, disjoint, nonempty, finite-sets in the plane.
The cardinalities of X,Y are denoted by |X|,|Y|. Let K(X,Y) denote the bipartite
framework, that is, the complete bipartite graph with partite sets X and Y. Since a
bipartite framework has no triangles, problems concerning its rigidity or flexibility are
considered with some interest. It is known [2, 3] that for almost all pair of sets X, ¥ with
|X],|Y|=3, K(X,Y) is rigid. Then, exactly when does K(X,Y) admit a deformation?
We prove the following.
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Theorem 1. For |X|>=3,|Y|=5, the bipartite framework K(X,Y) admits a continuous
deformation if and only if X lies on a line { and Y lies on a line perpendicular to ¢ .

The if part of this theorem is easy. To see this, suppose that X ={pi, ps,...} lies
on the x-axis and ¥ ={qi,q2,...} lies on the y-axis, with no ¢; on the origin. Then,
we can put

pi=(oa; +1,0), i=12,...,
qj=0,7;\/b; — 1), j=1.2,..,

where 0;, 7;,= + 1 and a;, t=0, b;>0. Then the length of p;q; is equal to a; + b;,
which is irrelevant to ¢. Hence by varying ¢, we can deform K(X,Y).

The only if part of the theorem is Proposition 4 in Section 5. Actually, we prove
that unless X lies on a line 7 and Y lies on a line perpendicular to /, there are
X' cX, Y CY, |X'|=|Y'|=3 such that K(X',Y’) is rigid.

Remark. Bottema gave an example of K(X,Y), |[X|=|Y|=4, that admits a continuous
deformation, and neither X nor Y lies on a line, see e.g. [4] Thus, the above theorem
does not hold for |[X|=|Y|=4. We include the example in the last section for the
self-completeness.

Problem 1. Characterize the flexible representations of K(3,3), K(3,4), K(4,4) in the
plane.

2. Infinitesimal deformations

A vector field f on X CR? is a map f:X — R?. When we want to show the domain
of f explicitly, we use the notation f'|X. If the values of f are obtained as the velocity
vectors of a smooth rigid motion of the whole plane, then f is called trivial. The set
of all vector fields on X naturally constitute a vector space.

An infinitesimal motion of a framework G is a vector field f on the vertex set of
G that satisfies

(r—q) - (f(p)—f(g)=0

for all edges pg of G, where - denotes the inner product. A nontrivial infinitesimal
motion of G is called an infinitesimal deformation of G. If G admits an infinitesimal
deformation, then G is called infinitesimally flexible, otherwise, G is called infinites-
imally rigid. If G admits a deformation, then the velocity vectors of the vertices at
some instant give an infinitesimal deformation of G. Hence, if G is flexible, then it is
infinitesimally flexible.

Lemma 1. Suppose that |X|,|Y| =2 and no three points of X UY are collinear. Let
f,g be two infinitesimal motions of K(X,Y). If the values of f and g coincide at
two vertices in X, then they are the same infinitesimal motion.
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Proof. Let X ={x;,x2,...},Y ={y1,»2,...} and suppose that f(x;)=g(x1), f(x2)=
g(x2). Then for any y;, we have

xi—y)-(fE)—f())=0, xi—y) -(fxi)—g(y)=0 (@=12),

from which, we have

(i = y) - () —9(y)) =0, i=12
Since x; — y; and x, — y; are linearly independent, we have f(y;)=g(y;). Similarly

we have f(x;)=g(x;) for i>2. [

Let f, g be two infinitesimal motions of G. If f — Ag is trivial for some A # 0, then
f is said to be equivalent to g, and we write as f ~ g. Note that ~ is an equivalence
relation.

Lemma 2. All nontrivial vector fields on a 2-point-set X ={p,q} are equivalent.

Proof. Let f be the vector field on X such that f(p)=0, f(¢)=¢g — p. Let us show

that any nontrivial vector field g on X is equivalent to f. Let 4 be the trivial vector

field such that #(p)=h(q)=g(p), and let ¢’ =g —h. Then ¢’ ~ g and ¢g’(p)=0. Since

¢’ is nontrivial, g’(¢) # 0 and ¢'(g) is not orthogonal to ¢ — p. Represent ¢'(q) as
g'(q) =g —p)+v,

where v is a vector orthogonal to ¢ — p. Then A # 0. Let j|X be the vector field
such that j(p)=0,,(g)=v. Then j is trivial. (It is a velocity vector field of a rotation
around p.) Hence, g~g' ~g' —j~ f. O

The next lemma follows from Lemmas 1 and 2.

Lemma 3. Suppose that |X|,|Y|=2 and no three points of XUY lie on a line. If
K(X,Y) is infinitesimally flexible, then all infinitesimal deformations of K(X,Y) are
equivalent.

Lemma 4. Let X ={p, p2, p3}. A non-trivial vector field f|X can be extended to
an infinitesimal motion of K({q},X),q ¢ X, if and only if

q— pi g—p1 (@—p1)-f(p1)
rank | g —p2 | =rank | q—p> (q— p2)- f(p2)
q— D3 g—ps (g—p3) f(p3)

Proof. Let (x, y)= f(g). Then, since

(g—pr)-(f(@)—f(p))=0 (i=123)
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S@=p)-f@=@=p) - f(p) (=123)

(g — p1) (g—p1)- f(p)
X
< | (g— p2) = (@@—p) f(p2) |,
y
(g —p3) (g—p3)- f(p3)

the lemma follows from the theory of linear equations. [

Proposition 1. Suppose that |X|,|Y|>=3 and no three of XUY are collinear. If
K(X,Y) is infinitesimally flexible, then X UY lies on a conic.

Proof. Suppose that K(X,Y) admits an infinitesimal deformation f:X UY — R2. Let
pi=(a;,b;), i=1,2,3, be some three vertices of X. Since f|{pi, p2, p3} can be ex-
tended to an infinitesimal deformation of K(X,Y), it follows from Lemma 4 that for
any vertex g =(x,y) €Y,

x—a y—b (x—a,y—>5b1)-f(p1)
x—ay y—by (x—ayy—»5b)-f(p2)|=0.
x—as y—by (x—az,y—>03) f(p3)

This gives a quadratic equation on x, y. Hence { p1, p», p3} UY lies on a conic. Simi-
larly, for any gq; € X —{ p1, p»}, the set { p1, p2, p;} UY lies on a conic. Since a ‘proper’
conic is determined by any five points on it, we can conclude that X UY lies on a
conic. [

The following precise result is known [3].

Theorem 2 (Whiteley). The planar bipartite framework K(X,Y), |X|=3,|Y|=3, is
infinitesimally flexible if and only if one of the following holds:

(1) X and a point of Y lie on a line.

(2) Y and a point of X lie on a line.

(3) XUY lie on a conic.

3. Parabola

It follows from elementary linear algebra that six points (x;, y;), i=1,...,6, lie on
a conic if and only if

Xyt x oy 1

X333 xm X y» 1

Xz Ve X6V6 X6 Vo |
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Let us call the left-hand-side determinant the comnic-discriminant of the six points.

Lemma 5. Let (x;(2), y:i(2)), i=1,2,...,6, be six points moving on the plane, and let
(a;,b;), i=1,...,6, be their velocity vectors at t=0. Let

9(t) = Ao+ Mt + )uztz + -+ igl‘g
be the conic-discriminant of the uniformly moving six point
(x,-(O) +(ll‘t, yi(0)+bit)7 1= 1,...,6.

If for each t€]0,¢), the six points (x;(t), yi(t)), i=1,2,...,6, lie on a conic, then
;LO - ;u] - O

Proof. Let Z(t) be the conic-discriminant of the six points (x;(z), y:(¢)), i=1,2,...,6.
Since Z#(0)=0, we have Ay =0. Let

Si(t) = x,-(t) — x,-(O) — ajt, 5l(t) = yi(t) — yl(O) — bit, i= 1,. .. ,6.
Then
im &) _

. &t
lim a) _ li
t—0 t—0

0.

Hence, from the expansion of the determinant we have
F(t) =D(t)+o(t) = Mt + - -+ Igt® + o).
Since Z(t)=0 for 0<t<e, we get

0=1im 29 _

A 0
t—0 t

Proposition 2. Suppose that |X|=3,|Y|=5 and XUY lies on a parabola. Then
K(X,Y) admits no deformation.

Proof. Suppose that X UY lies on a parabola y=kx? and that K(X,Y) admits a de-
formation. Restricting the deformation within a small range, we may suppose that the
vertices are always in general position, that is, no three vertices are collinear. Then,
by Proposition 1, at any instant, the vertices of K(X,Y) lic on a conic.

The infinitesimal deformation of K(X,Y) is unique up to equivalence by Lemma 3.
Hence, by superposing a certain smooth rigid motion and changing scale if necessary,
we may suppose that the velocity vectors of the vertices are given by the assignment:

X3y e (ke0), Y3, ))— (k). (1)

Since (x —x', y— ') (kx+kx', —1)=kx* — kx> — y+ ' =0, this assignment is indeed
an infinitesimal deformation of K(X,Y).
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Let
(a,ka®), (b, kb*), (¢, kc?)
be the initial positions (at #=0) of some three vertices in X and let
(u, ku?), (v, kv* ), (w, kw?)

be the initial positions of some three vertices in Y. Let Z(¢) be the conic-discriminant
of the six points

(a,ka*) + t(ka,0), (b,kb*) + t(kb,0), (c,kc*)+ t(kc,0),

(u, k) + t(=ku, 1), (v, kv*) + t(=kv, 1), (w,kw?) + t(—kw, 1).

Then 2(¢) is

(1 + kt)*d? k*a* (1 + kt)ka® (1+kt)a  ka®
(1 + kt)*b? k*b* (1 + kt)kb® (1+kt)b  kb?
(1 +kt)*c? k*ct (1 + ktYkc? (1 +kt)e  kc?

(1 =kt (ki® +1P? (0 —ktu(ki® +1) (1 —kt)u  ki® +¢
(1 —kt)* (*+1)? (I —ko(k® +1) (1—ktw k*+1¢
(1 —kew? (W +17? (1 —ktywlow? +1) (1 —kt)w kw? +1¢

— e e e

We are going to show that for a certain choice of three vertices in Y, the coefficient
A1 of ¢t in 9(t) is not zero. Then since the velocity vectors of the vertices are given
by (1), and since the vertices of K(X,Y) are, at any instant, lying on a conic, we have
a contradiction by Lemma 5.

First, regarding 4, as a polynomial in w, let 4 be the coefficient of w*. Next,
regarding A as a polynomial in v, let B be the coefficient of v3. Then B is the coefficient
of ¢ in the expansion of

(1 +ktYa*> (A+kt)a ka*> 1
(1+key*b> (1 +k)b kB> 1
(1+kt)Y? (A+kt)e ke 1|
(1 —keYu> (A —ktu k> +t 1

+k3(1 — kt)

which is equal to
+(a — b)(b —c)(c — a)(1 + 4k*uP)k>.

Since a,b,c are all distinct, we have B+#0. Then, as a polynomial in v, 4 =A4(v) is
not identically zero. Hence, the equation A(v)=0 is a nontrivial equation on v with
degree 3. Since |Y|>=5, we may suppose that 4 #0 for our choice of v. (Note that if
v=u, then 4=0. Hence 4#0 implies v=#u.) Thus, as an equation on w, 4, =0 is a
nontrivial quatric equation. Since |Y|>35, we may suppose that 1; #0 for our choice
of w. Thus, the coefficient of ¢ in the expansion of (¢) is not zero, a contradiction.
U]
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4. Ellipse and hyperbola

Proposition 3. Suppose that |X|=3,|Y|=5 and X UY lies on an ellipse or a hyper-
bola. Then K(X,Y) admits no deformation.

Proof. Proof goes along the similar line as the parabola case. The equation of an
ellipse or hyperbola is given by kx*> + y>=1. If k>0, it is an ellipse, and if k <0, it
is a hyperbola.

Suppose that X U Y lie on a conic kx?>+y? = 1 and that K(X, Y) admits a deformation.
By Lemma 3, we may suppose that the velocity vectors of the vertices are given by
the following assignment:

X3 (x,y) = (k, p),
Y> (xlr yl) = _(kx/3 )/)
Since (x —x',y — ') - (kx + kx', y + y') =kx* — kx> + y* — y"> =0, this assignment
is indeed an infinitesimal deformation of K (X, Y).
Let

(a,m1V 1 —ka?), (b,12V/ 1 —kb?), (c,13V 1 —kc?) 2)

be the initial positions of some three vertices in X, and let

(u, sV 1 — ku?), (v,15vV 1 —kv?), (w, 16V 1 — kw?),

be the initial positions of some three vertices of Y, where 7, =+ 1.
Let 2(t) be the conic-discriminant of the six points

(A +k)a,ti(1+ DOV —ka?), (1 +kt)b,t2(1 + t)V/1 — kb?),
(1 + kt)e,is(1+ OV —ke?), (1 — ktyu,ta(1 — OV — kuid),
(1 — k), ts(1 — V1 —ke?), (1 — k)w, (1 — V1 — kw?).

To get a contradiction, we are going to show that the coefficient 1; of 7 in the expansion
of 9(t) is not zero.
Write A; as

A= TGAWW+ T63m+ Cw? +Dw+E
and write 4 as

A =15P\/1— ko> + Ov* + Rv + S.
Then P is the coefficient of ¢ in the expansion of

(1 +ktd®> (14021 —ka*) (1 +kt)a
(L + k)2 (1 + 0 —kb?) (1 + k)b
(1 +kt)*? (14120 —ke*) (1 +kt)e
(1 =kt (1 —0*( —ki?) (1 —kt)u

(1 — kt)(1 — 1)

—_— —
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which is equal to
+4(a — b)(b — ¢)(c — a)(1 — ki + K*u?).

First, suppose that (¢ — b)(b —c)(c —a)#0. Then, since 1 — ku?> >0, we have P #0,
and the equation 4 =0 is a nontrivial equation on v. Here, remark that since P #0,
A changes its value according to ts =+1 or 15 = —1, provided that /1 — kv? # 0. From
the equation 4 =0, we get the quatric equation

PX(1 —kv*) = (Qv* + Rv+ §)?
on v. Since |Y|=5 and in view of the above remark, we may suppose 4#0 for our
choice of (v,t5v/1 — kv?). (Note that if (v, 75V 1 — kv?) = (u,74V'1 — ku?), then 4 =0.
Hence A #0 implies (v,75v 1 — kv?) # (u, 74V 1 — ku?).) Thus, as an equation on w,
A1 =0 is a nontrivial equation. Note also that 4; changes its value according to 74 = +1
or 7¢=—1, unless v/1 — kw? =0. The equation 1; =0 yields the quatric equation

(Aw + B)*(1 — kw?) = (Cw? + Dw + E)?

on w, and since |Y|>=5, we can choose (w, 76V 1 — kv?) so that 1; #0.
Next, suppose that (a — b)(b — c)(c —a)=0. Then, since the three points in (2) are
all distinct, we may assume that

a=b+#c, 11=-1, 3)
Then, 4 can be computed as
A=2(c — a)u(—a — ¢ + u + acku — ack®u)
+2(c — a)a+ ¢)(1 — ki + ku*
+2(c — a)(—1 — ack + ack* + aku + cku — ak®*u — ck*u* v*.
If a# —c then the coefficient of v is not zero. If a= —c, then a#0 by (3), and
A = da(—1 + a*k — k> + da(l — a*k + a*k*)?,

which is also a nontrivial equation on v. Thus, the equation 4 =0 on v is always a
nontrivial equation of degree at most 2, and hence we can choose v so that 4 #0. And
similarly we get A; #0 for some choice of w. [J

5. Collinear case

Lemma 6. In any deformation of K(X,Y), |X|,|Y|>2, any two nonadjacent vertices
change their mutual distance.

Proof. Suppose that the distance between two vertices x1,x; € X is fixed under a de-
formation of K(X,Y). Then, for any y;, y; € Y, the shapes of the (possibly degenerate)
triangles x1x2y;, x1x2y; are fixed under the deformation. Hence the distance between
Vi, y; is fixed. Similarly, the distances among the vertices X are all fixed. This contra-
dicts the definition of a deformation. [
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Proposition 4. Suppose that |X|>=3,|Y| =5, and K(X,Y) admits a deformation. Then
X lies on a line ¢ and Y lies on a line perpendicular to (.

Proof. If all points in X UY are in general position, then X UY lies on an ellipse or
a hyperbola or a parabola by Proposition 1. However, by Propositions 2, 3, such cases
are impossible. By the same reason, the vertices of K(.X, Y) cannot move into a general
position by a deformation. Hence there are three vertices that remain collinear during
a deformation. Let pi, p,, p3 be such three vertices. Then, these three vertices must
belong to the same partite set, for otherwise, two nonadjacent vertices are kept at the
same distance, contradicting Lemma 6. So, we may assume that they belong to X.
Now, by superposing a suitable smooth rigid motion, we may suppose that p;, p2, p3
are moving on the x-axis. Further, we may put p; =(0,0) (fixed), p,=(a,0) and
p3=(p,0), where o, f are functions of time ¢. Let ¢ =(x, y)=(x(t), y(¢)) be the po-
sition of a vertex in Y. The vertex ¢ may cross the x-axis, but it cannot move on the
x-axis by Lemma 6. Hence we may assume y # 0. Since the nontrivial vector field

(0,0) = (0,0), (,0) — (2,0), (B,0)— (B,0)

(where d, [3 denote the derivatives by ¢) can be extended to an infinitesimal motion of
K(X,Y), it follows from Lemma 4 that

X y 0
O=|x—a y o:c(x—oc)
x=p y P&x—p)

= — (o — af)x + aB(f — ).

By Lemma 1, we may suppose that o — f§ #0. Since y#0 and af(c— ) #0, we must
have fo — aff#0, and

~apa—p)
X = ——————"".
po — o

Thus, all vertices of Y lie on a line perpendicular to the x-axis, and hence all vertices
of X lie on the x-axis. [J

6. The Bottema linkage

The following result is due to Bottema (see Wunderlich [4]):

Theorem 3. There is a flexible representation K(X,Y) of K(4,4) in the plane such
that the convex hulls of X and Y are both rectangles.

Proof. Consider the equation on x, y,z containing the parameter ¢:
@02+ (-2 =ax— P +(y+zP=b
(x—tY+ (-2 =cx+1)+(y+2)=d
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where a, b, ¢, d are positive constants such that a+d = b+c. We can choose a, b, ¢, d
suitably so that the above equation has real solutions for some range of ¢. For example,
letting a =4, b =16, ¢ =8 and d = 10, we have a solution

8 — + /6 —
w0 =1 = BIOZLIO - L

where f(t) = (¢* + 1)/f*, which take real values for v2 — 1<t<v/2+ 1. Let

p1 = (4,z(1),  p2=(-1z()), p3 =—p1, pa= —p2,
q1 = (x(£), (), q2(=x(1), ¥(1)), @3 = —q1, 94 = —q>,

and X = {p1, p2, p3, pa}, Y = {q1,92,93,94}. Then, varying ¢ from V2—1to V2+1,
we have a continuous deformation of K(X,Y). [

pl

Fig. 1.
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